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Abstract—This technical report provides an in-depth evalua-
tion of both established and state-of-the-art methods for simu-
lating constrained rigid multi-body systems with hard-contact
dynamics, using formulations of Nonlinear Complementarity
Problems (NCPs). We are particularly interest in examining the
simulation of highly coupled mechanical systems with multitudes
of closed-loop bilateral kinematic joint constraints in the presence
of additional unilateral constraints such as joint limits and fric-
tional contacts with restitutive impacts. This work thus presents
an up-to-date literature survey of the relevant fields, as well as an
in-depth description of the approaches used for the formulation
and solving of the numerical time-integration problem in a
maximal coordinate setting. More specifically, our focus lies on a
version of the overall problem that decomposes it into the forward
dynamics problem followed by a time-integration using the states
of the bodies and the constraint reactions rendered by the former.
We then proceed to elaborate on the formulations used to model
frictional contact dynamics and define a set of solvers that are
representative of those currently employed in the majority of
the established physics engines. A key aspect of this work is
the definition of a benchmarking framework that we propose
as a means to both qualitatively and quantitatively evaluate the
performance envelopes of the set of solvers on a diverse set of
challenging simulation scenarios. We thus present an extensive set
of experiments that aim at highlighting the absolute and relative
performance of all solvers on particular problems of interest as
well as aggravatingly over the complete set defined in the suite.

I. INTRODUCTION

Simulating complex mechanical systems such as multi-limb
robots that can walk and manipulate is a key element in today’s
workflows for the development and testing of such systems.
Indeed the availability of fast and accurate physical simulation
has recently proved to be fundamental in applying state-of-
the-art methods such as Deep Reinforcement Learning (DRL)
for their control [1l], [2]. One important challenge the field
currently faces is being able to design and control robots with
highly coupled mechanical assemblies that exhibit intrinsic
closed kinematic loops [3]]. Such configurations are often used
as means for transferring power and motion with reduced
requirements on actuation compared to serial chains.
Traditionally, however, the latter approach has been em-
ployed and the systems have been designed to be as simple
as possible, both mechanically and morphologically. Exam-
ples include: a) actuating all joints, i.e. having no passive
Degrees-of-Freedom (DoF), b) simplifying mechanical power
transmission by placing actuators directly at or as near to the
joint DoF as possible, and c) avoiding the use of parallel
actuation that induces closed-loop kinematics. Besides the
obvious benefits in terms of hardware design, in large part,
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the aforementioned conventions have also served to simplify
simulating and controlling walking systems. In the presence
of singularities and hyperstaticity, the system dynamics can
become exceptionally challenging to solve, whether it be their
forward dynamics for simulation, or inverse dynamics for con-
trol. As more advanced control methods that circumvent these
challenges by employing nonlinear optimization and/or DRL
have become widely available, it remains an open problem of
how can we make our physics engines capable of accurately
and efficiently simulating systems with arbitrary mechanical
assemblies.

Such a capability would have the potential to revolutionize
the kinds of robots that could be developed. In the case of
DRL in particular, which makes no assumptions on the model
of the system, it is only limited in practice by the throughput
of the simulation due to the large sample complexity required
for convergence [1I], [4]], [5]. Therefore if physically accurate
and fast simulation for complex mechanisms can achieve an
effective throughput on par with that of articulated systems, it
would open up the possibility of applying DRL to any type of
robot, and even more types of mechanical systems in general.

Broadly speaking, the requirements placed on such universal
simulators could be considered in terms of two categories:

o Modeling requirements: these are the types of constraints
that can be supported. These include bilateral kinematic
constraints such as passive, actuated, binary or unary
joints that are common in mechanical assemblies, closed-
loop kinematics and redundancy, as well as unilateral
constraints such as frictional contacts and joint limits.

o Performance requirements: physical plausibilit and the
relative trade-off between accuracy and speed that a
given approach would exhibit. In this context, accuracy
is defined strictly in terms of constraint satisfaction and
sensitivity of the resulting constraint reactions (i.e. forces
and torques) w.r.t the state of the system. Simulation
speed is often conflated with sample throughput. In this
work we consider speed strictly in the single-instance
sense, i.e. in the absence of mass parallelization, for
example on a GPU.

Satisfying all of the aforementioned modeling requirements,
however, bears significant numerical challenges. Firstly, the
forward dynamics problem can be ill-conditioned in the pres-
ence of large mass ratios and hyperstaticity due to highly cou-
pled constraints such as closed-loop kinematics and underac-
tuation. Secondly, constraint satisfaction at configuration-level

IPhysical realism is a difficult assertion to make when simulating rigid-body
systems with discrete contacts. A more conservative and fair view would be
to assert physical plausibility in terms of respecting kinematic constraints and
based on the regularity of the computed constraint forces and torques.



(i.e. joints breaking, limits being exceeded and body inter-
penetrations) can occur as a result of inaccurately estimating
constraint reactions, and can accumulate prohibitively over
multiple simulation steps. Moreover, another consequence of
the ill-conditioning is the potential irregularity of the yielded
constraint reactions, which can become extremely sensitive
to small changes in the state of the system and thus change
erratically over subsequent time-steps although the state has
experienced changes on scales close to the numerical preci-
sion. Lastly, the stability of the solution can deteriorate when
using larger time-steps, which is often necessary for increasing
simulation throughput in applications such as DRL.

In this paper we present an empirical evaluation of existing
approaches for solving the forward dynamics of constrained
rigid-body systems. We consider cases that include bilateral
kinematic constraints, of arbitrary connectivity and under/over
actuation, as well as additional unilateral constraints that
model restitutive impacts, frictional contacts and joint limits.
Specifically, we compare both established and state-of-the-art
algorithms for solving the Nonlinear Complementarity Prob-
lem (NCP) [6] derived from the dual problem of forward dy-
namics, i.e. the resolution of constraint reactions, and posited
as a Nonlinear Second-Order Cone Program (NSOCP) [7].

Our evaluation consists of a benchmark suite of systems
of varying complexity that range from primitive toy prob-
lems to full-scale robotic and Audio-Animatronic® systems.
Moreover, we also evaluate techniques such such as constraint
relaxation and proximal optimization in order to deal with
the aforementioned types of ill-conditioning. Our comparisons
are performed using set of performance metrics based on first
principles as well as practical considerations, that summarily
speaking, cover physical plausibility, accuracy, speed and
robustness in as fair terms as possible.

As done in previous work [8], [9], [10], we employ a
maximal-coordinate formulation of Constrained Rigid-Body
Dynamics (CRBD). In contrast to using minimal-coordinates,
this results in expressing kinematic constraints explicitly
and makes it very straight-forward to model systems with
kinematic loops and passive joints. In addition, it facilitates a
versatile parameterization of the system kinematics that can
support both unary and binary joints over a very extensive set
of mechanically feasible joint types. Conversely, a potentially
more computationally efficient approach could be presented
in combining minimal-coordinates with constraints, i.e.
Constrained Articulated-Body Dynamics (CABD) [L1], [12],
[13], [14]], [15]. However, as the scope of this study lies
mainly in comparing algorithms specialized for dynamics
problems, using CRBD instead of CABD serves merely as
a benchmark to better highlight differences between solvers.
We assert that if a method can be made to work effectively in
the more challenging case of CRBD, then employing CABD
can only serve to further simplify the problem by reducing
its overall dimensionality.

Contributions: This work thus makes the following con-
tributions within the context of robotics and control:

1) We provide an extensive survey of the current state-of-

the-art in physical simulation of rigid-body systems and

evaluate the reproducibility of highly-cited works.

2) We define a suite of benchmark problems and per-
formance metrics that can be used to systematically
evaluate the relative performance of forward dynamics
solvers. The suite consists of a set of problems that are
relevant and meaningful within the context of robotics
but have applicability to even broader classes of systems.

3) We present an extensive evaluation of relevant algo-
rithms on the aforementioned benchmark suite and
describe practical recommendations on using them to
realize physics simulators for constrained systems.

II. CONSTRAINED RIGID-BODY MECHANICS

This section provides an overview of the mechanics of
constrained rigid-body systems, and outlines the problems that
arise within the context of physical simulation. The process of
physical simulation itself, is most often viewed as solving a
single high-level problem, comprised of three constituent sub-
problems, namely: Event Detection (ED), Forward Dynamics
(FD), and Time Integration (TI). Indeed, this decomposition
is ubiquitous across all known physics engines [[16], [[17]. The
first essentially corresponds to Collision Detection (CD), but
can be viewed in the general sense of detecting events where
the set of active constraints changes. In this way we can also
incorporate detection of active joint limits, and possibly other
elements that are evaluated at configuration-level. However,
this work does not cover CD methods themselves. We recom-
mend interested readers to consider [18]], [19], [20], [21] for
more details on the topic of CD. The FD and TI sub-problems
are described in the next section.

A. Forward Dynamics

The forward dynamics problem is one of evaluating how the
motion of the system will evolve at a certain time 2 R given
its state. Broadly speaking, assuming the set of constraints is
immutable, and for a given choice of generalized coordinates
s :=s(t) 2 R™ and generalized velocities U := u(f) 2 R™
with n;  n,, the FD problem can be stated generically as:

Find u2R™ ;s2R™ s.t. :

s=H(s)u (1a)

M(s) u = h(s; u) + J(s)” (1b)
f(s;u) =0 (1¢)
K*3g(s;u)? 2K (1d)

H(s) 2 R™*"™ is a matrix mapping generalized velocities
to the time-derivative of the generalized coordinates. Such a
mapping is often necessary for floating-base systems, where
S & U due to the parameterization of rotations, e.g. quater-
nions, Euler angles, etc. M(s) 2 S, is the generalized
mass matrix, where S"', denotes the set of n n symmetric
positive-definite (SPDf] matrices. h(s;u) 2 R™ is the vector

2When s is defined with either minimal (independent) coordinates or
maximal coordinates then M(S) is always SPD. However, if the coordinates
of s are dependent or redundant, then it is possible for M(S) to be singular,
and thus positive semi-definite. See [22] for a detailed analysis on the matter.



of non-linear generalized force terms, which, can includespectively. Thus, (2) and (5) enable the decomposition of the
gravity, Coriolis, centrifugal, actuation and external effectsystem dynamics into respective smooth and impulsive parts
f:R% RW! R%andg:R"%™ R™! R" are respectively _ ) T )

the set of equality and inequality constraints in implicit form. M(s)udt= h(siu)dt+ J«(s)" <dt; (6a)
J(s) 2 R™ ™ js the constraint Jacobi&nmatrix, where M(s) u" u d =J.(s)" nsd ; (6b)
Ng = Ne+ Nj. 2 K R™ is the vector of Lagrange

. . . . - T = T i
multipliers corresponding to constraint forces, whétds a  WNerews= Js(s)" sandwns= Jns(S)" ns are necessarily
closed and convex cone aid denotes its dual. distinct as the set of active constraints may differ between the

Fundamentally, (1a-b) form a system of Differential Alge_contmuous dynamics and those at the instants of discontinu-

braic Equations (DAE). However, since 2 K is bound by :% mgéia/ee:,ei\r,lvr\:\l/lee réfé?gtr)eég?r: asoforcnesi,ran?n'? chzvaCrﬁgrrgsent
set-valued force laws [23] (e.g. unilateral contact and CoulombP : )

o : : . Therefore, whenever an impulsive event occurs at some
friction), the system becomes a Differential Inclusion (DI),.

. - . time tj, the FD problem (1) must be rephrased to employ (6b)

Thus, (1) overall is a Variational Inequality (VI) [6], that duen_ lace of (6a). This leads to the impulsive FD problem
to the feasible set being eone forms a ComplementarityI P - Impuisiv P
Problem (CP). Lastly, due to the structure of the complemen-

H + ng - N .
tarity constraints (1d), which in general may be nonlinear, the Find u® 2R s2 R™ st

FD problem (1) is therefore an NCP. s=H(s)u* (7a)
M(s) u® u =3 (7b)
B. Impulsive Dynamics f(ssu ;u™)=0 (7¢)
K 3g(s;u ;ut)? 2K ; (7d)

One of the primary dif culties in modeling the contact

dynamics of rigid bodies is that impacts and friction inducewhere all time-dependent con guration-level quantities are

instantaneous changesu¢t) andu(t) as well as to the set of evaluated at timetj, e.g.s = s(t), while the pre-event

active constraints. The discontinuity of the former thus impacgeneralized velocityy = u (t) is corresponds to the lower

their integrability, as they cease to be continuous functions limit valuelim , ou(t; ) resulting from the time-integration

t. In order to deal with this non-smoothness, we can empl@j the smooth dynamics (1). Crucially, (7) can be understood

techniques froomon-smooth dynamid&3], [24]. Speci cally, as a boundary-value problem w.r.t time, as it is only admissible

differential measure§25] provide a means to decompose thét the discrete atomic time-poirtts Overall, the impulsive FD

velocity differential into smooth and impulsive terms as  problem (7), like its smooth counterpart (1), is also a NCP,
. but one that now yields the system's generalized velocities

du=u()dt+(u” u)d; (2)  directly, instead of the generalized accelerations.

where u(t) is the smooth acceleration and ;u* are the
pre- and post-event impulsive velocities, respectively. The
key ingredient in this model is the impulsive differential
d . Assumingn, 2 N o impulsive events occur at times
ti 2 [to;t] 8i 2 f1;:::;ny0, §1e set of discrete impulsive
events can be denoted hs= i“:”l ftig. Then,d represents

a nite sum of so-calledirac point measuresvert 2 R:

X Z4 (1't-2[t't]
d = dy; dy= 00

‘ 0; t 6tp; t ®)
621, to s U ZOI ]

thus allowing the time-integration of the impulsive velocity as
t

X
ut() u () d= ut(t) u () : (@)

fo ti2lp Fig. 1. A visual depiction of the non-smooth initial-value problem (8) using

. . . . the example of a rigid sphere rolling-off of one plane and then bouncing
Equivalently, the differential measure over generalized forc@g another. when the sphere drops the rst plane, the impact would result
in a contact that is initially open, then closes momentarily and opens once

dp = wsdt+ wpsd ; (5)  again. Although the position and orientation of the sphere would remain

. . continuous functions of time, the linear and angular velocities would change
is often referred to apercussionwherews; wps correspond to instantaneously in order to satisfy the contact constraints. This means that
the smooth and non-smooth (i.e. impulsive) generalized forc#, velocities are in effect not continuous, and nor are the positions and
orientations smooth functions of time. Therefore, the sphere's trajectory
gonsists of the piece-wise smooth segments (violet lines) and atomic points

. ) h a @ i i ti at the moments of impact (gray nodes). The former is determined by the
With the given form forf(s;u) andg(s;u), J(s) = G @G - smooth dynamics represented by the acceleration-levelsNGP(1), while
Alternatively, if the constraints were formed at con guration level, i.e. werghe latter de ned at each instanteis determined by the impulsive NG&,

in the form off (s) andg(s), ands did not employ reduceg parameterizationsof (7). Direct time-integration is intractable analytically thus necessitating the

of rotation, then the Jacobian would be de nedXs) = % % . application of time-discretization to approximate the integral in (8c).



C. Time Integration Among the most widely adopted are the so-calliuie-

Given means to evaluate the forward dynamics of tr%epping method§25], [26]. These progress the state over
constrained rigid-body system, pointwise for any timsimu- series of pre-determined time-intervals and evaluate the system
lation amounts to time-integrating the former over some nitdynamics only on impulse-velocity level. In doing so, every

time intervall = [to: t/]. This corresponds to solving anitial simulation step is able to handle all types of impulsive events
Value Problem(IVP) in the form of in a uni ed fashion. They are also able to resolve phenomena

such as Painlés paradox [27] that occur when evaluating

’ the dynamics at force-acceleration level.

Fort21:=[to;t]; andlp = g fig | Assuming a xed time-step t 2 R o, and considering
=t all impulsive events occurring within the closed interval
i s [to;to + t] to happen simultaneously, the smooth and im-
With x(t) := u(t) (8a) pulsive dynamics of (6) can be combined as
Find x(); s.t. M u" u = th+JT ; 9)
X(to) = Xo (8b) and the IVP over a single-step intenjtd;to + t] becomes
2 Z 3 Fort2 | :=[toto+ ]
H(s( ) u()d :
F to+ t); st
X()= X0+ EX ’ 2 (80 ndxtor B3
ut(t) u (4) +  u(n)d X(to) = Xo (10a)
ti2|p to
s(t H(s(to)) u* (to+ t
8 X(to + t) - ( 0) U_S (EOO_)}_) t)( 0 ) (10b)
3 M (u*(t) u (t)= 5 ns (80)
- _ 8
NCPhst, (7)§ fas(s(ti);u™ ()) =0  (8e) % M@* u)= th+JT (10¢)
3 Mu®=nh+3{ s (89 ' K 3g(ssu*)? 2K ; (10e)
NCPs: (1) fs(s(t);u(t);u(t)) =0  (8h) where the denotes the addition operator specic to the
; parameterization of rotations used to de seln this work

Ks 3 gs(s(iu(®);u(t) 2 s2Ks  (8i) we make use of thexponential mapo compute integrals of

Fig. 1 provides a visual reference for understanding tiféientation as the concatenation of rotation operators [28].
structure of the IVP (8). Essentially, it involves three distinct Thus the single-step IVP (10) formulated over the interval
sub-problems. The rst and second, we recognize to be tfie;to + ], amounts to solving a single NCP to yield the
aforedescribed FD problems NGR (7) and NCR; (1), which ~ generalized velocities(to+ t) and then forward integrating
yield u( ) andu* (t;) pointwise for anyt andt;, respectively, to render the next-step generalized coordinafes- t). This
and the third corresponds to evaluating the time-integrdf§egration scheme is often referred to as gemi-implicit
in (8c). However, as the NGB, and NCR; can only be Euler method, as velocities are computed implicitly via the
evaluated pointwise, they cannot be solved in closed-form WCP, while generalized positions are integrated explicitly.
yield u( ) and u(t) as integrable functions. Therefore, the Although in this work we only consider the rst-order for-
IVP (8) is analytically intractable in general, and solving itvard integration of the generalized coordinates, higher-order
necessitates the use of time-discretization and the applicatiotegration methods such as Runge-Kutta can be conceived,
of numerical techniques. that would solve the NCP at multiple internal steps to render
more accurate, and possibly more stable state integrators.
Furthermore, another integration method commonly used in
non-smooth mechanics formulations is the mid-point time-
This section outlines the derivation of a computationallgtepping scheme of J.J. Moreau [25]. It is similar to the semi-
tractable approximation of the IVP (8) summarized previouslimplicit Euler method, except that all intermediate quantities,
Speci cally, we describe the set of approximations, w.r.t timancluding event detection, are evaluated from the state at the
discretization, that are required to transcribe the integratiomiddle of the time-step computed using backward Euler.
and NCP sub-problems, and introduce a reduced form of the
latter that is amenable to humerical optimization techniques,

B. The Dual Problem
) . o A common strategy for solving the NCP sub-problem (10c),

A. Time Discretization is by taking an alternative view that rewrites the problem
In order to render the IVP (8) tractable, appropriate timéa terms of the constraint reactions. Generally speaking,
discretization and time-integration schemes are requiralis alternative formulation can be referred to as theal

I1l. PROBLEM FORMULATION



problem of forward dynamicsDoing so, the FD problem quadratic objective (17a) as well as the non-linear De &axc
can be solved by simple back-substitution to the respectiierm (17b). This decomposition will enable a relaxation of the
equations of motion (9), to yield* . Although a multitude of problem that will be discussed next.

approaches exist for deriving the dual problem, we consider

the most principled to be that which emploggwuss’ principle - prgplem Relaxations

of duality and theextended principle of least constraif9], . . S .
[23]. At this stage, we will only outline the formulation of theObservmg the decomposition of the NSOCP objective function

dual FD problem, while its construction will be detailed irfje ned in (17), we may consider the case where the non-linear

Sec. V, and a complete derivation is provided in Appendix. germ (17a) is omitted. Doing so turns out to be equivalent to
et . approximating the original problem with a Cone Complemen-
Projecting (10c) to thepace of the constraintshe dynam- bp 9 9 P p

ics of the system are summarized by the following quantitietsé?rlty Problem (CCP) in the form of

CCHD;vs;K) :
Find ; st K 3v'()? 2K: (18)

1) the inverse apparent inertia, a.k.a fhelassusmatrix

D=J'M 1J (11)
The primary effect of this relaxation is that complementarity

is now asserted directly between the constraint velocities and
vi=J u + tM th +v (12) the constraint reactions. Equivalently, a transcription of (18)

as an optimization problem results in a convex Second-Order
Cone Program (SOCP) which can be stated concisely as

2) the unconstrained, a.k.a free, velocity

3) post-event constraint velocity

vi()=D o+ (13 SOCRD:v(:K):
4) augmented post-event constraint velocity Find = argmin 1xT Dx + xTv (19)
+ N - 2 f
¢C)=vi()+ (vi() (14) x2K

. . . ) This alternate formulation of the FD problem can be traced
wherev is an auxiliary bias term that allows us to intro, -k to the work of Redon et al in [33], Anitescu et al
duce additional elements SUCT as a model of impacts aad34) and Drumwright et al in [35], although not stated as
cons,tralnt sta}b|llzat|on, and (v* () IS the non-linear De concisely as in the now established form of (19). Undoubtedly,
Saxe correction [30], [31]. The latter is an operator over thg . ccp approach as we know it today, has mainly been
post-event constraint velocity and is the principle source BBpuIarized by the work of Todorov in [36] in developing the

non-linearity in the problem, as detailed in Sec. IV-D. Thugy,,35c0 simulator [37]. More information on the CCP and its
the NCP formulated for the dual FD is stated, rather CO”C'Se%pIications can be found in [12], [17], [38].

as However, the CCP formulation as been the source of signi -

NCP(D; v¢:K) : cant debate among researchers, as discussed in [39], [35]. Due
_ to the mathematical rigor by which the NCP is derived from
Find ; st K 3%()? 2K: (15)  vI theory, the CCP is widely thought to be an approximation

... that results in undesirable artifacts such as forces acting at
Furthermore, (13)-(15) correspond to the KKT condmong1 distance [34], [40], [38]. Conversely, Chaterjee [39] and

of a Nonlinear Second-Order Cone Program (NSOCP). Thbsrumwright [35], as well as the authors of MuJoCo [41].

perspective motivates the application of relevant techniques . .
which can be used to solve the NCP via the transcription fote that NCP complementarity does not necessarily agree

with physical experiments, as the rigid-body model is also
NSOCRD;vs¢; K) : fundamentally an approximation of real physical bodies. In
any case, the CCP model has proven to be a useful mechanism
to realize physics engines with impressive throughput and

) _ ) versatility, such as MuJoCo and project Chrono [42], [43].
Carpentier et al provided a coarse proof of the equivalence

between the NCP and the NSOCP in [32], and it has also _

been outlined in other works such as [7]. Given this conteX: First-Order Dual Solvers

we herein identify the constraint reactionsand the constraint Broadly speaking, the vast majority of algorithms used in
velocitiesv* as the primal and dual variables, respectively, dhe various popular physics engines and simulators,rate
the dual FD problem. We will also nd it useful to decompose@rder methods and follow a common pattern. To outline

Find =argmin I TDx +xT vi+ (V' (X)) (16)
X 2K

the objective function of (16) into the individual terms their commonalities, we can coarsely t them to the template
1 de ned in Alg. 1 that presents a generic form of rst-order
f(x):= ExTDx + X vy ; (17a) algorithm for solving the dual problem. From a high-level

- . perspective, the major common components of these include:
fos(x) = x= (v (X)) ; (17b) D;vy;K: de nition of the dual problem
fuep(X) = f(X) + fps(X) : (17¢) faLad ): Operator to represent the linear system sdiver

The total NSOCP objective (17c) thus consists of the purely*BLAS: Basic Linear Algebra Subprograms



Algorithm 1 Generic First-Order Dual Solver

Require: % D; vi; K; faiad ) PR(); foon)
fori=1toNdo

s (v*( 't 1y) ‘ . estimate nonlinearity
o0 D ' ttvi+s . compute gradient
o feadD; ) . pe_rform descem step
P OK( D) . project to feasible set
fotopl ) . check termination criteria
end for
return

Fig. 2. Free-body diagram of a simple constrained system withnfH 2
pK( ): operator to project iterates to the feasible iset rigid bodiesB; andBz, (2) nj = 1 joints J 1 Wit_h revolute constraints, and
f..(): operator to represent thermination criteria (3) nc = 2 contactsC; and G between the bodies and the ground.
stop\ /*
O (optional) initial guess tavarmstartthe solution
_ IV. M ODELING CONSTRAINED SYSTEMS
The generic BLAS operatdig Ao ) expresses the memOdUntiI this point we have been able to state the FD problem

used. to approxima_tely perform the inyer;ion of the_ DelgsshHs rather generic terms, without being speci ¢ about what is
matrlx D. It often is the. case that this is ”‘?t rgallzed N fhvolved in the transcription of the NCP (15). This section
literal sense, but rather, it rep resents a fa_c_torlzatlo pé_.g. introduces the elements of physical modeling that will provide
Cholesky or LU dec_omiposmons, that facilitate computing 3l e foundation from which we will later build the NCP
unconstrained solution o at each iteration. concretely in Sec. V. Speci cally, we will detail the maximal-
In every iteration, the projection operaté¥(), a.k.a coordinate CRBD formulation and the modeling of constraints,
projector, projects the unconstrained solutior}, onto the i.e. joints, limits and contacts.
feasible setK, yielding a solution iterate ' that is feasible  For this purpose, we introduce some additional notation to
according toK. Such an operation is common in optimizationlenote théndex set®f the system's DoFs and constraints [23].
algorithms that deal with inequality constraints. It therefor€onsider a constrained rigid-body system, such as the one
attempts to ensure that each iteraté*, and therefore also depicted in Fig. 2. It can be de ned as the collection of
the nal solution , satisfy the inequalities as well as othebodiesB;;i 2 f 1;:::;n,g, joints Jj;j 2 f 1;:::;ng, limits

important components of algorithms that follow the templatgymbolsB;, Jj, L;, G are used to refer abstractly to each
of Alg. 1. As we will see in Sec. VI-C, choosing how to realizeelement; implying its dimensionality, associated quantities,
it depends on the contact model used, and thus plays a crugiadl relevant local coordinate frames.

role in solving the dual problem (15) or (18). Moreover, to remove ambiguity from representing quantities

Each algorithm necessarily de nes its own specialized tef! different Cartesian frames of reference we will employ
mination operatof ., ) that is closely tied to the numericalf‘he following conventions: Global coordinates are de ned
scheme used. Common elements among various dual solJ8rdh€ world frameW. Given two local reference frames
include the use of absolute and/or relative numerical errfr@nd B, moving w.r.tW, the local relative position o8
between sequential solution iterates. But it does not, alf-t A expressed irB is denoted asrag, and the relative
sometimes cannot, be based solely on such criteria. In additi@iéntation fromB to A as Rag. For absolute quantities,
algorithms must also check for constraint satisfaction, i.k- those expressed in global coordinates, Wesubscript
whether solution iterates lie within the feasible set, and ©§ omitted for brevity, e.gwrwa  ra and Rwa  Ra.
how much they violate the respective constraints. This ensufddS, Cartesian coordinate transformations are expressed
that solvers will converge only when both the numerical errd the formre = ra+rag = ra+ Raaras = ra* RaRas el as-
as well as constraint violation are within desired bounds.

Lastly, the use of an initial guess’ is a common trait of - .
many ef cient numeric solvers. In most cases it signi cantlf" Rigid Bodies
speeds up convergence to a solution, however, choosing ho&sh rigid bodyB;, using a body- xed coordinate frame lo-
construct one can prove challenging [44], [45], [38]. If the corfated at its respective Center-of-Mass (CoM), is parameterized
tact con guration has not changed, i.e. the dimensionality &% the following collection of intrinsic and extrinsic properties:
the constraint forces is the same, the most common approach massm
is to use the solution of the previous time-step. Otherwise, moment-of-inertigl;
initialization to zero is necessary, and is the default behavior surface geometr{s.;
when 0 is unspecied. A more robust approach would be  CoM positionr; 2 R3
to compute a constraint-invariant initial guess based on the CoM orientationR; 2 SO(3)
current state of the system [44], [45]. CoM linear velocityv; 2 R3



CoM angular velocityl ; 2 R® it encodes, i.e. prismatic, revolute, spherical, etc. All of the

Each body is intrinsically characterized by its inertial angforementioned quantities are essentially constants that fully
geometric properties. The former comprise its magsand SPecify its parameterization. Thus, all other quantities such
moment-of-inertia;|; expressed in local body- xed coordi-as the absolute positiory, orientationR;, and generalized
nates. The latter is represented by the parameterizeGzgeét Con guration g; are derived from the joint's parameters and
containing all points belonging to its exterior surface geometijle con gurations of the associated bodies.

The body's extrinsic property is its mutable state, compris- According to its kinematic type, each joint introduces a set
ing its Cartesian pose and twist de ned by the aforementionefl iy con guration-level implicit equations in the form of
CoM-centric propertiesri; Ri;vi;! i. In addition, we may
option for a more concise parameterization of the body's ori- fi(sg;isk) =0; (21)
entation such as quaternions. Speci cally, using Hamiltonia‘;;)herefj :S S! R™, andsg;sg, are the poses of the base
unit quaternions); 2 H, we can express the rotation matrix agnd follower bodies, respectively. It will be necessary to also

Ri = R(qi). This choice does not affect the derivation of th@xpress the constraints at velocity-level in Pfaf an form as
dynamics in later sections; it only impacts the representation

of con guration-dependent and con guration-level constraints. fi(sg; S Ug;UR) =0 (22)

The pose and twist vectors & are respectively de ned as Taking the rst-order derivative w.r.t time of (21) is referred
to asindex reductionin the context of DAEs [46], and allows

us to express the constraints as functions of the body twists.
Moreover, (22) also admits an interpretation that is funda-
mental to formulating constrained dynamics: it de nes the

s= [ 2s;u= " 2R (20)
| =

where the compound sét:= R® H is constructed using the
Cartesian produ& of the sets of positions and quaternios. so-calledconstraint-space velocitieg; = f(sg;Sr.; Us; Ur,),

in this case is merely a quaternion-based parameterizatior\,mich are closely related to the concept\ftual displace-
Cartesian poses, which, are technically elementSE(3). ments[47].

, The constraints are enforced by corresponding generalized
B. Joints forces that are represented by a vector of Lagrange multipliers
Each joint J; introduces a set of bilateral (i.e. equality) ; 2 R™ that, according to the principle of d'Alembert, should
constraints that restricts the motion of the bodies it acts up@onserve the energy of the system. The generalized forces
These can either take the form of unary constraints acting asting along the DoFs of the joint are de ned as the vector
a single body, anchoring it to the world, or binary constraints; 2 R%. Crucially, both j and j are quantities de ned in the
coupling the motion between a body pair. By convention, wecal coordinates of the joint frame de ned ;. However,
designate basB; and followerF; coordinate frames for eachin order to de ne the dynamics of a joint, we need to express
Jj. For unary jointsB; W and F; is coincident with the the forces and torques, irenchesenacted upon the bodies.
body- xed frame of the body. For binary joints, bo and This is the principle function of the selection mati$ and
Fj are coincident with the body- xed CoM frames of thethe frame axeX ;. Speci cally, the former maps the constraint
corresponding bodies. With the aforementioned conventiorgd actuation generalized force vectors to 6D wrenches as
a universal parameterization of joints consists of the:

relative position w.r.t the base bogyg; 2 R wi=8 ' =S¢ Sa ! (23)
relative position w.r.t the follower bodyxg 2 R® : '

frame axesX; 2 SO(3) Sej 2 R® M andS,j 2 R® 4 are the component selection
selection matrixS; 2 R5 6 matrices that respectively map the generalized forces along
constraint dimensionsy 2 [1;6] N the constraint and DoF dimensions. If the joint is passive then
DoF dimensions, =6 m j is always zeroS; Sgj and (23) effectively reduces to

positionr; 2 R3

coordinate framér; 2 SO(3)

generalized con guratiom; 2 RY The base-follow convention de nes the joint wrench as acting
In a maximal-coordinate setting, the intrinsic parameters ofca the followerF; by the baseB; at positionr;. To compute
joint are the constraint dimensioms, the relative positions the body-wise wrenches about their respective CoMs we must
BXgj; BXgj, the frame axeX, and the selection matri®;. m  rst retrieve the joint wrench, acting at; and expressed in
is effectively the number of constraint equations introducew/orld coordinates, using the joint's axes and frame matrices:
and together with thX ; andS; determine the kinematic DoFs W= Ry X W, (25)

5 . - . )
Parametric geometry sets can t_ake the form of primitive geometric shappﬁ]a”y’ in order to express the wrench effected upon each
such as boxes, spheres etc, which are parameterized by their respective

constants (width, height, length and radius, respectively), or more explifiPdy, screw transformation matrices must be applied. These
forms such as triangle-based meshes which are collections of vertices. are quantities that transform 6D wrenches and twists from one
6A Cartesian product of two sefsandB, is de ned as the set of all ordered pOiI’lt and frame of application to another. In the context of
pairs formed from their elements, i.&. B := f(ab)ja2 A; b2 Bg. . . .
Effectively A B is a mechanism through which we can construct compour‘l\t!i'IIS work, we Only need to consider screw transformations of
sets/spaces over multiple scalar elds, vector spaces etc. wrenches, so that we can express the effect of joint wrench

wj=S§j j: (24)



when acting on bod;, that may correspond to the baBg By slightly abusing notation, we can denote the constraint-

or follower F;. Referring to this wrench as;;j, and denoting space velocity ofL; as v(q) = f(ss;Sr;Ug;UF), which

the skew-symmetric operator 84 , we can express it as enables us to express the velocity-level formulation of (30) as
Wi = Wi(rjsri) w; (26a) vii) 07? , O (31)

I3 03
[ri r] I3

Lastly, we must express the wrenches enacting on the bodies
associated with_|. Fortunately, this works out to be excep-
tionally straightforward sincé&, is by de nition acting along
o only a single DoF of the corresponding joiht Invoking once
C. Limits more the index remapping used to de ge the DoF selection
Each joint limit L, introduces an additional unilateral con-ector of each_, is exactly thei-th column of the joint's DoF
straint that is de ned by the kinematic limits of the associateselection matrixS;, i.e.s| := ( S;.a)i. Thus the wrench applied
joint J;, that may represent mechanical end-stops or othey an active joint limit, acting at and about the joint position
restrictions to the motion along the admissible DoFs. Eachand expressed in world coordinates, is
L, is thus explicitly dependent on the parameterization of the _ ]
correspondingl j, but in addition requires the speci cation of: Wi = RiXjs (32)

the DoF selection vectas; 2 R®
the DoF con gurationg, 2 R D. Contacts

the minimum DoF Iirni'Fq{I‘n'ZXZ R Each discrete contadf, introduces a set of unilateral (i.e.
the maximum DoF limitg™2 R . ~ inequality) constraints that act to simultaneously: (a) prevent
Fundamentally, each joint with prescribed con guratiofyter-penetration between it's associated bodies when they

W ii(rjsri) = (26Db)

limits de nes a set implicit inequalities in the form of collide, and (b) de ne the material interactions between them
gi(ss;ss) O; (27 in the form offriction gndrestitutio_n .Contact c;onstraints are

therefore more complicated than joints and limits, as they act

whereg; : S S! R™' andm,  2d, because they on both the kinematics and dynamics of the system in a way

may be imposed on either lower and/or upper orthant of eagfat depends on the material properties of the bodies; not just
joint DoF. However, only one side may ever be active aheir geometry and inertial properties. Similarly to joints, they
any point in time, so the dimensionality of limit constraintgnay also be unary or binary, depending on whether a collision
effectively reduces ton;;  d. To understand why we mustoccurs between a body and the world or between bodies. Like
consider how limits can become active in the rst placaimits, they introduce set-valued force laws, i.e. constraints on
Given the instantaneous joint DoF con guratign2 R™ and the contact reactions themselves.

lower/upper DoF limits denoted ag™";q" 2 R™, we can  |n order to specify the constraints contributed by each

de ne the respectivgoint-limit gap functions contact elemenG, let's rst de ne the intrinsic quantities
gjmi”(qj) = q qjmin (28a) that parémeterize it.3Namer, these are the:
ma - _ positionrqk 2 R
97"(a)) = q; qj - (28b) normal vectomey 2 R3; kngiko = 1
If either g71"(q;;) 0 or g"™{q;;)) O, then the lower, gap distancelex 2 R

or respectively upper, limit of the joint has been reached and CO€f cient of friction 2 R
thus the corresponding limit constraint becomes active. Thus CO€f cient of restitution , 2 [0; 1]
for every joint DoF coordinaté 2 [1;d;] of J; where a limit These quantities are thus the minimal amount of information
is active, a single limit entityL; is de ned with g := q;, required to de ne a model of contacts and their corresponding
qnn = " and q"¥*:= g™ Moreover, employing an index constraint sets. We will now detail how we can de ne these
mapping in the form ofg""(q) := gmin(qj;i) andg"{(q) := constraints precisely and the physical phenomena that they
gmaX(Qj;i), we can de ne the unilateral constraint introducednodel, so that we can incorporate them into our CRBD model.
by eachL, as the implicit inequality
i R na Collisions Although often gsed synonymouslgollisi_ons
a(q):= 9 @ ;g™@ g"™@ . g andcontactscorrespond to different aspects of the interac-
g"™a) ;9™ a) 9g™(a) tions between bodies. For real physical bodies, each colli-

. . . sion de nes a continuum of body contact distributed over
Note that (29) does not actually express a piecewise contmuou? . : : : )
entially multiple surfaces. However, for simulating multi-

function, rather it just expresses the fact that the constraﬁquy systems, and especially those with rigid bodies, the most

ﬁ;ﬁ:isgtogg; Looit:f iga}[ipn:‘ghctlon of only one of the IOwer/uppg{raight—forwar.d way to mpdel suph ianractions is usitigr
The corresponding constraint reactionlof is represented crete c_ontact,SLe_. geometrically dlscre_t 12Ing these.surfaces as
by the Lagrange multiplier; 0, and together with (29), coIIe.ctlons of points. Thergfore, a collision occurring betwegn
de ne the complementarity conditions a pair of bodies, qharacterlzes the geometry of the interaction,
and is the progenitor of the set of discrete contacts that we use
g(@ 07?2 | O: (30) torepresent it. If the colliding bodies have convex geometries,



de ned asclosed (m¢ = Stick _ Slip) and d;x becomes
the penetration depth. Therefore, for convex geometries,
rak; fek are either the nearest points between the two
bodies or the most-penetrating, respectively, and are always
functions of the corresponding body posgsc Sgk. When

the geometries are not convex, or multiple contacts per body
pair are admissible, the situation is slightly more complicated

Contact Space In this work we only consider isotropic 3D
Coulomb-type friction, where the contact constraint reaction
and respective constraint-space velocity are respectively 3D
vectors, i.e. k, Vqk 2 R3. Although more advanced models
of friction exist, such as those that can also incorporate
torsional effects [48], [41], we consider the simpler case a

suf cient baseline for the purposes of this evaluation.
Fig. 3. Binary collisions between bodiég andBy for arbitrary contact with
index k. In all con gurations, the gap-function (33) can be used to compute ] ]
the signed distancé.x n ¢k (black arrows) o8By w.r.t. Ay, whereny is the Contact Frames The space in which all contact-related
normal vector (blue arrows) w.r.t the plane that is tangent to the two contactiqglantities can most easily be represented is that of a local

oints of the bodies. Choosinf as the reference body is a merely a matter . . .
p % Y Y contact-speci ¢ coordinate frame. Employing such a frame

of convention. Wherd..x > 0 (case (a)), then there is no interpenetration,
and the distance is interpreted as the distance between the nearest pailews for the re-parameterization of the contact reactign
between the bodies. Conversely, whatgy 0 (case (b)), interpenetration jntg g form that delineates between the noriNand tangent
occurs, andd.;x becomes the penetration depth measured between the m.?st Vi . . h |
interpenetrating points. components. By applying certain conventions, the normal
vectornck, can be used to represent the corresponding tangent

plane as the tangent and orthogonal (i.e. bi-normal) vectors

then a single contact can represent the collision, otherwissc; Ock 2 R®, respectively. The triplency;te; Ock thus
multiple may be required. Moreover, particularly challengingnables the construction of a rotation matR 2 SO(3)
yet important, are the cases of multiple co-planar contactg, represent the coordinate frame @f This construction is
e.g. a box on a plane, as the geometry is indeed convexpressed by the contact-frame function R® ! SO(3) as

ye_t multlple contacts are _reqwred_ to represent _the interaction. Rk= C(Ne) = tek Ock Nek | (34)
Within this context, we will describe how collisions between
bodies de ne the geometric properties of contacts. In this work we place the normal along the contact-local Z-

A crucial aspect of de ning the contact positian. is axis, and the XY-plane as the tangent space. This results in
that it does not necessarily coincide with the exact positigfarameterizing the contact reaction in local coordinates as
on each body where the collision occurs. Consider the case T K
depicted in Fig.3b, where the two (convex) bodigsand By E o TR (35)
are interpenetrating. If we de ne the contact normal to lie ’ -
along the line connecting the inner-most penetrating poirtd€® Nk tk, and o are respectively the normal, tangent,
on the bodies, then the contact should be de ned using bid orthogonal components. Thug, and its normal-tangent
points. Instead, we arbitrarily designate one of thesghas decomposition, are expressed in global coordinates as

contact positiorrc;k = rak and determine the Ipcation of the w k= R« (36a)
other using the surface normal.x and penetration depith.
asrpk = ekt dek Nek- The relative position between bodies w Tk= R (T):k (36b)
Ax and By is used to de ne the so-calleglap function

gk(rA;k; rB;k) = rgx Fak= dc;knc;k (33) W Nk = NkNck: (360)
of each contact, wherg, : R® R3 ! RS2 Essentially, Contact Wrench Similarly to joints, the wrench applied to

the relative position expressed via (33) corresponds §@ntacting bodies is also computed using the screw transfor-
a vector-valued signed-distance function, and de nes tfaations described in (26). However, given the aforementioned
con guration-level constraint function of. assumption that contact reactions contain only linear 3D terms,

only the left block-column of (26b) is needed. Thus, the

Contact Modes Noting how the penetration deptti.« contact wrench applied to bod§; by G is therefore

can take zero, positive and negative valueg, we can use this Weki = Weki(fii i) w k (37a)

to de ne the so-calledcontact mode g a discrete valued

scalar that summarizes the state @f When dcx > 0,

we de ne the contact to b@pen (m( = Open) anddg is "However, an easy way to work around this is by realizing that contacts are
. . . . ' de ned only once they occur (i.e. become closed) in the rst-place, so then
interpreted to be the minimum Euclidean distance betwe

- A 1 consideration of a-k; T B:k» ONly matters locally while the contact persists
the two bodies. Conversely, whedh.y 0 the contact is and until they open.
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W cki(fiiri) = . |3r ] (37b) determined by a sing!e friction coef cienty. 'I_'hgs, the two
i Tk fundamental assumptions of the Coulomb friction model are:
) ] ) (a) static friction equaling x n.x must be overcome in order
Contact Motion The duality of twists and wrenches allowsior motion to occur, and (b) kinetic friction takes the form of a

us to also express the linear velocity of the point of contagingential reaction that opposes non-zero contact velocity i.e.
on B; as an af ne function of the respective body twist in the Verk

form of TKT K Nk kvegrkk> 0 (42)
WVeki = Weki(riri) T u (38) ok

] ) ~_ These two conditions combined de ne the set inclusion
However, the quantity we are actually interested in is the

relative velocity computed at the point of contagt between Tk 2D( k Nk (43)
the contacting bodiesy and By. Referring to this simply as
the contact velocity(38)f is used to de ne it precisely using
the relations

whereD( k n:k) is a disk of radius ¢ n:k. Moreover, the
requirement that contact reaction along the normal direction
is only repulsive can be written as the set inclusion

WVeka = Wekalrio Fak) " Uak (39a) Nk 2 Ry (44)
— . T
WVeks = Weks(Ta e Usik (39b) Fig. 5 depicts theseet-valued force lawas non-linear func-

(39c) tions w.r.t the gap functiomn;k and contact velocity k.
Combining (43) and (44) forms the Coulomb friction cone

2K (45a)

wVcek =w VekA w VckB

Vek = REwVek : (39d)

Signorini Conditions Also known as theunilateral con- K.=f 2R%K tuka & nk; nk O0g:  (45b)
tact hypothesisthe Signorini conditions assert that contac
reactions preventing interpenetration between bodies must

pnly V.Vh"e th.e contact |s.c;losed, i.e. when the_ gap ConStra'Q;Berture is determined by the respective friction coef cient
is active. Using the de nition of the gap function from (33), ie. = 2tan 1( ). K , is a closed and convex set
.e. K

. . . . Ky
this statement is formalized as the complementarity proble%at bounds the corresponding 3D contact reaction to lie both
Oonk ©= nlkgk(rA;k; rgx) O (40a) Wwithin and and on its surface bounda@X ,.

“The 3D Coulomb friction con& . IS @ symmetric second-
er cone often referred to as a Lorentz cone [49], whose

Genk 0?2 nk O (40Db) An impo_rtant property of Lorentz c_ones_is that they are
self dual, i.e. they are equal to their conjugate sets. This
However, in order to introduce these complementarity coproperty allows us to also de ne thdual coneof K as
ditions to the formulation of the system dynamics, it iK .= K 1 and thepolar coneasK® = K = K ..
often necessary to state them at the velocity and acceleratiaieir geometric relationships are depicted in Fig. 4.KASis
level, [39], [23]. Denoting the rst and second derivative Ofje ned in the space of contact reactions, the dual and polar
(40a) w.r.t time as ¥k = Venk(Saks Seik; Uaki Usk), @and  cones are de ned in the dual space of the contact velocities.

acN:k = acN:k(Sak: Sgik; Uaks Us:k; Uak; Usk), they become

Venk 0?7 nk O (41a)  The Disjunctive Model The Coulomb friction cone model
n mbin with th ignorini nditions t n
acnk 0?2 nk O (41b) can be combined ] e Signho codosqdee
the contact modamn, in terms of the contact reactiony
Coulomb Friction: Under the assumption of isotropic dryand velocity v.. This results in the so-calledisjunctive
friction, both the static and kinetic frictional reactions are

8An alternative derivation can be found, if instead, we form the rst-order
time-derivative of the gap function (33).

Fig. 5. The set-valued force laws along the normal and tangent directions. The
Fig. 4. The Coulomb friction conk (a) and the relationships between thered segments represent the sets of admissible values that the contact reactions
former to its dual con& and polar con&® (b). As conjugates oK ,the  :  can take while the respective contact velocities are zero. The blue
dual and polar cones are those whose elements make obtuse angles with ggfhents represent the admissible constant values when non-zero velocities
2K ,iex 2K ; xT 0,andx 2K©°; xT 0. are present in the respective directions.
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formulation of the Signorini-Coulomb model: formulation is that it makes the complementarity condition

8 0 _ S0A =0 non-associativesince it is not stated directly in the contact
2 pen » VeNik k= velocities and reactions.

me= Stick ; kvgrikk, =0 2K (46)
" Slip G kverk, >0 2 @&, Newtonian Impacts To model restitution effectsyewton's

The rst case is trivial, and is equivalent to usiggy > 0. Model of impactscan be incorporated in the velocity-level
The second case corresponds to the friction-cone constradfgnorini conditions (41a). Considering the impact event to
to when the contact force lies strictly in the interior of th@CCUr instantaneously at timg, the twists of bodiesAc
cone. The third corresponds to the case where the contB@fl B« experience a discontinuity that is denoted by their
force lies solely on the bounda@ , of the cone. pre/post-event values, - andug, ", respectively. Accord-
ing to Newton's model, the pre/post-event contact velocities
Vonk = Venk(Uagi Ugi) and Ve = VU Ug)
Maximal Dissipation The Maximum Dissipation Principle in the direction of the contact normal are coupled by the
(MDP), most often attributed to J.J. Moreau [50], asserts thastitution equations
for each active contack, the tangential contact reaction must s )
be maximally dissipative, i.e. it should maximize mechanical Vank = kVenik (53)
power loss along the tangent plane. For given normal reacti@ith | being the coef cient of restitution. In effect, the restitu-
nk 2 Ry and tangential velocity ¢« 2 R?, the tangential tion equations (53) serve to augment the Signorini conditions
contact reaction according to the MDP is the solution to by biasing the contact velocity along the normal direction.
Tk = argmax xTVerk Thus the impact-augmented Newton-Signorini model becomes
" s.t. kxks K Nk . (“7) 0 V:;N;k+ k Venk ? k2K . (54)
The MDP is a formulation of frictional contact as an optimizaLastly, combining (54) with (52), we can form the impact-
tion problem that generalizes (42) as it is also applicable aigmented Newton-Coulomb-Signorini NCP in the form of
the case of multiple contacts. It is straight-forward to verify )
that in the single-contact case, (42) is in fact maximally Pokt Vo 2K 7 k2K (55)
dissipative. The power product would not obtain its maximum
value unless r. is colinear and opposite o t.x. Moreover,
(47) is admissible even whery.x = 0 and/orv.tx =0, thus E. Constrained Rigid-Body Dynamics
encompassing all contact modes. Furthermore, it motivates the
bi-potential method [30] which can be used derive the geneMfith the elements described in the previous sections in hand,
NCP. Since (42) is maximally dissipative, we can form th&e can now derive Equations-of-Motion (EoM) of the CRBD

power-loss product to yield formulation in maximal-coordinates. We begin by formulating,
for each bodyB;, the Newton-Eulerequations
T
TkVeTk = k Nk ch;T;ka : (48)
: : iy - My + MY = Wi ; (56)
By moving all terms to the left-hand side, and trivially adding H= [1i] 151, - Towkie

the product of normal components, we can form the expression . . i 6 6
whereg is the gravity acceleration vector, ail; 2 R is

NkVeNk + TVeTk+ k nkKVeTika =0  (49) the body-wise generalized mass matrix, which is de ned as
which like the MDP, can be veried to hold in all contact M= M I3 0 . (57)
modes. By introducing th®e Saxé correction operator ' 0 RiiliR]

and |; is the body's Mol matrix expressed in world coordi-
(Vo) =4 0 5 (50) nates, which can be expressed using the body's orientation
k KV e1.kK2 and the local Mol using thearallel axis theoreras
and de ning theaugmented contact velocity li= Riili R : (58)
Yok = Vekt ((VeTik) S (51) To further simplify the expression for (56), we can denote the

(49) can be restated as the complementarity condition non-linear terms of gravity and Coriolis wrenches as

k2K 2 k2K (52) Wogi = U?ghh ; (59)
where the complementarity now requires tiak lie within - g arrive at a concise expression of the body-wise EoM
the dual friction coneK ,. This result is of paramount
importance because it demonstrates that (52) must hold in Miuj = Wggi + Wiotal;i (60)
order for ¢ to be maximally dissipative, as well as to ensur
that the resulting contact velocity lie solely on the tangentia

plane when the contact is closed. The main dif culty with this MU= Wg+ Wiotal ; (61)

tacking (60) of each body, we can form the system EoM
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whereM is the block-diagonal generalized mass matrix rsexpress the total wrenches applied to the system of bodies as
introduced in Sec. Il, andvg. and Wiy are the stacked _ T T T T
gravity-Coriolis and total wrenches, respectively. Wiotal = We+ Ja a* Jy 9+ i 1+ Jc c (70)
. . . = we+ JT (71)
In order to introduce constraints explicitly, we must decom- _
poOse Wi iNto the individual terms which account for allMoreover, by re-arranging some terms, we may de ne the

forces applied to the bodies and that are not pam gf vector of non-linear generalized force terms

Wiotal = We + Wa+ Wy + Wi + We (62) h = Weet Wet Jg a; (72)
We have also included the external wrenchego account for and thus arrive at the acceleration-level EoM
purely external factors such as external disturbances and forces Mu=h+JT (73)

we may wish to apply ad-hoc. Next we will expressg, w,
w_ andw¢ as functions of the respective constraint reactiods (73) we recognize the smooth (i.e. continuous) version
and generalized actuation forces. To this end, we can apply tifethe system dynamics. Using the derivation described in
screw transforms (26) to (25) and (32) combined with (23%ec. II-B, it is now quite straightforward to derive the time-
as well as apply (36a) to (37). Essentially, doing so rendestepping version of the system EoM and render

the Jacobian matrice3,, Jj, J., and J¢, corresponding to + _ T .

actuated joint DoFs, joints, limits, and contacts, respectively. M (u uj)= th+Jo (74)

Proceeding element-wise over eatf L, , and G, present V. CONSTRUCTINGTHE DUAL PROBLEM
in the .system, we c;an de Ee the matrlx—blocks of the COM&rpis section describes the construction of the dual FD NCP
sponding Jacobian for eac assougted boqy' For eachQJplnt(15) using the individual modeling elements described in
attached to body;, the corresponding matrix-block dh is  gec |y, First, we will detail how the dual NCP can be con-

I3 03 R:X S - 63 structed to incorporate all the elements described in Sec. IV-D
[ri ] 1g; I7ITe (63) for modeling contacts with restitutive impacts and friction.
Second, we will describe two augmentations that will enable

us realize constraint stabilization and constraint softening.

T
‘]J;i;i -

and if the joint is actuated, the matrix-block &f is

T o_ I3 03 .
Ve T o) 1y 0 XiSe RN Origins
For each limitL, the matrix-block ofJ_ is The dual FD NCP transcribed as the NSOCP (16) was rst
T I3 03 introduced by Cadoux [51]. To the best of our knowledge, this
i = ri rl s RiXjsi; (65) isthe rstinstance of employing thiei-potential methoaf De
) . Saxe [30] to incorporate the non-linear term in the optimiza-
and for each contadf the matrix-block ofJc is tion objective. This augmentation is crucial to the NSOCP
—_ I3 _ representing a complete model of contact dynamics, but as
‘]c;i;k - Rk . (66)

the De Saxe operator () is highly non-linear, it makes
the problem NP-hard. The former was rst introduced by De
Saxe et al in [52] and subsequently elaborated upon in [30].
J = J}' JI JE T : (67) The latter provided a complete theoretical treatment that both
justi ed its validity as well as established its connection to
Next we will de ne stacked vectors over all joint DofFthe concept okuperpotentialof J.J. Moreau [50], that have

actuation forces and constraint reaction Lagrange multiplidR$'9 been a key part of the non-smooth dynamics foundations.
corresponding to each constraint group, in the form of We recommend the seminal text of Glocker et al [23] for more

[ri rid

We will also denote the total constraint Jacobian as

2 3 2 3 insight on this topic. The NSOCP as we know it today, as well
al il as the methods to approximate it, were introduced by Acary et
a = ﬁ : ?, ;3= 9 : % ; al in [31] where it was derived from the primal FD problem.
an iny
2 3 2 B. Problem De nition
;1 cl . . . .
L= 2 ) g L o= 9 % ; (68) We begin by describing the construction of the three quantities

de ning the dual NCP, namely, the Delassus matx the
H cine free-velocityv; and the feasible s& of admissible constraint
as well as the vector of all constraint reaction multipliers ~reactions. However, regarding the Delassus matrix in particu-
T g7 lar, we do not actually need to state anything further. Having
= L Cc - (69) dened the generalized mass matr and the constraint
JacobianJ in Sec. IV, we may simply apply (11) to compute
Having de ned the Jacobian matrices as well as the DoF &t-directly. Thus, at this stage we can focus solelyvgnand
tuation and constraint reaction vectors, we can now conciséyas these require some work to de ne.
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The principle mechanism we must employ is projectioprovide a brief proof of this property in Appendix. A-B. Thus
onto the constraint-space. Exploiting the duality induced lifie free-velocity is simply constructed using
the constraint Jacobiah, we can express the pre/post-event
constraint velocities using the relations Vi=J u + tM th +Ev (80)
=+ . (75) In practice, however, can avoid constructiBgand perform-

ing all the unnecessary matrix-multiplications with zeros by

In addition, we will re-arrange the time-stepping EoM (74) tsimply appending cxVv, to the row ofvs corresponding to
express the post-event generalized velocity as a function the normal direction of each respective cont@gt Thus the
of the constraint reactions as only actual computational cost lies in computing = Ju

U()=u + tM 'h+m 1JT (76) which we do so anyway in (80).

v F=Ju

Combining (75) and (76) yields the vector of post-event Next, we will dene the feasible seK of admissible
constraint-space velocity (13) introduced in Sec. IlI-B: constraint reactions. Luckily this is rather straight-forward to

do, as it works out to simply be th€artesian productover

vi()=D +vs : the element-wise feasibility sets, which is often denoted as
In Sec. IV-D we described the Coulomb-Signorini-Newton A Ne
model (55) which asserts complementarity conditions on the K= Ki: (81)

impact-augmented and De Séxcorrected constraint-space i

velocity of each contacfk. We can generalize this statemen# crucial property of this composition is that, assuming each
to include all constraints by forming the NCP Ki is a proper cone, then so too is the total feasible set
K [49] . For each joint, limit and contact, we must invoke the

+ + .

K3vi()+ (vi()+Ev 2 2K | 77 appropriate set-valued force law to de ne the corresponding
where, and with slight abuse of notation, we can denote themponent seK; of the aforedescribed product. Thus, for
system-level De Saxcoperator using its contact-wise de ni-each jointJj, K; = R™, i.e. the constraint reactions are
tion (50) to only act along the contact constraint dimensiongiconstrained and therefore span the entire constraint-space

2 3 of the joint. For each limitL;, K, = R, i.e. the force is
Onyy constrained to the positive half-space, a.k.a. the nonnegative
v (n=4 0, 5 ; (78a) orthant, of the corresponding joint DoF. Lastly, for each
(ve( ) contactG, Ky = K ,, i.e. the set is the Coulomb friction
+ 3 coneK , whose aperture is determined by the contact-speci ¢
1(Vea () friction coef cient . Thi [ i
k- This results in the composite cone
HO L (78b) e 0
NN g ' ®2
where :=[ 1;::1; n]" denotes the vector of all friction

Moreover,E 2 R™ M js the restitution matrix constructed

using the coef cients of restitution of all contacts coef cients, andK is the composite cone formed over the

2 3 Coulomb friction cones of all active contacts.
0 0 O
E=40 0 05 (79a) Lastly, we will form thetotal con guration-level constraint
0 0 Ec function of the system. To construct it, we can use the
22 3 3 de nitions of the con guration-level implicit functions of all
40 0 0 5 elements)j, L; andG,, using (21), (29) and (40a), respectively.
00 0 0 Stacking all individual elements of each constraint group, we
0 0 rst form the respective group-wise constraint functions
Ec:= : - : . (79 2 3 2 3 2 3
c - SENN (790) () Gia(9) Gria(9)
0 400 05 =4 : Si@=1 : Sif9=1
0 0 cn fr(S) 9i;n (S) Oninc(S) (©3)

As it turns out, as the restitution relations are only Considerqqi]e total con guration-level implicit constraint function re-

along the contact normal directichshe impact augmentation gyits from simply combining the components in (83) to form
term can be absorbed into the free velogityas a component

of the bias velocity, i.ev = Ev , which admits the ~ 4f3(3)5 o
rede nition vs vi + Ev . Effectively, this rede nition f(s)= *fi(s)> =0 : (84)
reduces (77) to the standard de nition of the NCP (15). We fe(s)

Although not directly part of the de nition of dual FD NCP
91t is technically feasible to include restitution effects along the contact ta 15), we will use it to realize the augmentations in the sections

gential directions, as is described in [53], [54] for deriving the PROX/SORprj% t foll I later in the de niti f f
algorithm. However, we are not aware of any materials whose physi at follow, as well as later In the de niion or performance

interactions would justify the construction of such a model. metrics in Sec. VII-D.
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C. Constraint Stabilization a constraint-stabilization scheme to the dual problem without

Without employing a numerical integration scheme that cafiompromising its structure as an NCP, we will necessarily

at each discrete time-step, update the state of the systen?ri'ﬁIt the CFM te_rm for now. We do_ SO beca}use CFM
a way that satis es all constraints exactly, it is inevitable thaptroduces compliance to the system which effectively softens
numerical drift will lead to violations of the con guration-level tN€ constraints, and is the topic of Sec. V-D.
constraints (21), (27) and (40). Such is the case when usinglhe next step, therefore, is to introduce ERP-type constraint
simpler time-stepping integrators such as semi-implicit Eul&fabilization to the NCP. Similar to how incorporating restitu-
(10b) or Moreau's midpoint scheme [25]. In addition, pertive impacts augments the complementarity conditions (52) to
forming CD at discrete time-steps unavoidably leads to sorigld (55), the constraint stabilization of (87) can be introduced
interpenetration of the bodies, which, is directly dependent §fa an additional bias in the form of
the step si_ze t a_nd the_ potential velocities of the bodies. _ K 3¢()+vs? 2K : (88)
These simulation artifacts are also exacerbated by the im-
precision that may be exhibited by dual solvers. Essentiallyherevg is the constraint stabilization bias velocitthat we
we can understand why by realizing that the solutions to tieed to construct. Moreover, as stabilization acts exclusively
NCP/CCP they render are computed with the goal of reducing the unilateral components of limit and contact constraints
the constraintelocityto zero along the bilateral and unilaterafi.e. contact normal directions), we can once more exploit the
constraint dimensions (i.e. not considering frictional compdAavariance of the De Sakcoperator w.r.t the biasg and
nents). This means that dual solvers have no direct impéetiude it as an additional component of the total bias to the
on the constraints at con guration-level, and any under/ovéiee-velocity, i.ev = Ev + vg. This ensures that the NCP
estimation of the constraint reactions will lead to furthetetains the structure of the un-augmented problem.
numerical drift, compounding that of the integration scheme. Now we can proceed to construeg. First of all, we will
However, con guration-level constraint violation can bespecify distinct ERPs; |; k 2 R, for each jointJ;, limit
alleviated by employing so-callezbnstraint stabilizationiech- L, and contact; constraint subset, respectively. For each joint
niques, such as that of Baumgarter [55]. In this work wg;, the bilateral constraint residual and stabilization bias are
followed an approach to realizing Baumgarter-like constraint
stabilization based on the work of Preclik et al [56] as raj = f3i(8) (89a)
well as the recent technical guide [17]. The end result will Veri= o - (89b)
be an augmentation of the problem that follows the same B g
procedure described previously in Sec. V-B for modelingror each limitL;, as the constraints are unilateral, we will
frictional contacts with restitutive impacts. However, for ilneed to additionally constrain the residuals to act in the
lustrative purposes, it will be easier to explain the approaéhthant that satis es the complementarity conditions. Thus, the
by rst considering the simpler case where only bilateral joindorresponding residual and bias velocity in this case are
constraints are present in the system.

The rst step involves using (75) and (76) to express n=gia) (902)
the velocity-level bilateral constraints as a function of the

constraint reactions via the de nition of the post-event VeiLl = Tt min(0; n) - (90D)
constraint velocity. Doing so yields the constraints For the unilateral contact constraints of each active contact
vi()=Ju*()=0 (85) G, we do something similar as for limits. Recalling our

conventions for contacts described in Sec.IV-D, body pene-
We will consider an augmentation of (85) that introducegation occurs wherd, 0. However, some CD methods
control feedback terms that are functions of the instantanecitsd software can render potential collisions, i.e. contacts with
constraint violation. The latter is represented by the vectgpsitive penetration, in order to allow for preemptive actions.
of constraint residuals computed from the con guration-levetor this reason, Preclik et al [56] proposed a double-sided

constraint functions (83) of the joints, in the form of method which ensures that the contact reaction remains zero
ry=fi(s) (86) if the contact would not close within the time-step. Thus, for
eachG;, this approach takes the form of
Thus thestabilizedbilateral constraints can be stated as
YOy _ v _ g7 e= dext ¢ (91a)
v o) t' (®7) Veck = Kk Mmin 0; ek 4 max 0 rc—'t‘ ;. (91b)

where andv are often referred to as the Constraint Force
Mixing (CFM) constant and the Error Reduction Parametefhere the constant 2 R is the so-calledontact penetration
(ERP), respectively. To the best of our knowledge, these nani@argin The purpose of the penetration margin is to either
are attributed to the ODE physics engine [57]. We ref&erve as a tolerance of permissible contact penetration (
interested readers to [17], [41] for a more in depth expl&). Or to additionally in ate the constraint boundary.(< 0).
nation and interpretation of these parameters. In effect, theyThe constant scaling factorg= t, = t, and j= t thus
serve to respectively soften and dampen the constraint-sphi@es the constraint reactions to push the bodies in directions
dynamics of the system. As our objective is to introduce suthat drive the corresponding residuals to zero, e;g.! O.
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Setting j; 1; ; = 1, amounts to correcting the residual inEquivalently, we can also state the CCP-type version as the
a single step. However, one must be careful with using thiRegularized Second-Order Cone Program (RSOCP)
value, because it can lead to excessive oscillations, asﬁl OCRD - R: V- v - K)-
problem can become very stiff, since the correction behave RD: R:vis v K):
equivalently to a linear spring. Some physics engines likgjng = argmin }XT (D+R)x+xT(vi+vVv,) (96)
NVIDIA PhysX, apply an ad-hoc capping of the this bias, x2k 2
that is referred to as thmaximum depenetration velocityhn  which, is strictly convexsince the augmented Delassus ma-
our current implementation we have not yet considered suglx D + R is symmetric and positive de nite (PD). Thus,
additional effects, but these may be considered in future wokke combined effects of the CCP relaxation and constraint
Now we can construct the bias velocity vectors for eactoftening yield a dual FD problem that can be solved much
constraint type by simply stacking the individual contributionore ef ciently than the original NCP problem. However, one
of each constraint element using (89), (90) and (91), to forfimitation of this approach is that it does not resolve the issue
3 2 3 2 3 of ill-conditioning of D, and can in fact lead to instabilities.
VB;J;1 VBiL;1 VBic1 . . . .
ves=4 i Bivg =4 o 5ivge=4 i 5 (92) This phenomena will be demonstrated later in the experiments
' v ’ ’ presented Sec. VIII-D, but we will outline a potential reason
B;J;n; VB;L:n VB;c;ne . . .
for this at the end of this section.
and then combine them to form the total bias velocity _ ] _
. To derive and construct the constraint softening terms we
Vg = VE;J VE;L vg;c : (93) will once again start by assuming only bilateral joint con-
straints are present in the system. Fundamentally, employing
a8 o di . . . X
e diagonal regularizédR amounts to introducing mechanical
vi=J u + tM h +Ev +vg: (94) compliance to each constraint dimension, which is akin to
introducing multiple spring-mass-like elements to the system.
We can de ne the potential energy of this generalized "spring”
D. Constraint Softening element, as a function of the generalized state using the

de nition of the equality constraints functions (22), to form
The dual FD problem poses signi cant numerical dif culties.

First of all, in either NCP (15) or NSOCP (16) forms, the Uc(s;u™) = 1 f5(s;u™) i ; 97)
complementarity constraint to be enforced is non-convex and 2 K
non-smooth, and the De Saxoperator is highly non-linear. where K 2 S¥ is a PD stiffness matrix. Note how we
Second, even if were to consider a relaxation of the in the forgve used the velocity-level constraints as opposed to the
of the CCP (18) or the SOCP (19), the problem would stiion guration-level variants (21). This is possible by virtue
not be strictly convex as the Delassus matrix is in general orff§ index reduction, and is necessary since we require the
positive semi-de nite i.e. it is rarely positive de nite and oftenPotential and the resulting force to be functions of the post-
ill-conditioned. To address these challenges, we will considéyent generalized velocitias™ . Taking the partial derivative
another type of relaxation that regularizes the problem yr.t the former yields the generalized force of the spring as
softening the constraints. sut

Speci cally, we follow the approach introduced by Todorov c-= % = JJKh(su®): (98)
et al [12] for MuJoCo [58] that introduces a diagonal regulal
izerR 2 S® to the Delassus matrix as well as an addition

Finally, the constraint-stabilized free-velocity is computed

Jbserving the multiplicand of the Jacobian mattix we can

! . : 0 ) guate this quantity to the force of a Hookean linear spring

lrjgulatlon b|asthveIOC|t¥/r |2 R ftohthe :\Zle%'VE|OC'ty }{eCtort'hmodel in constraint-space, where the residuals play the role
OWever, as the particuiars ot now MuJoL.o realizes b?spring de ections. These spring forces are thus exactly the

method has evolved signi cantly since the initial puinC"jltio%onstraint reactions, and thus we can state the equivalence as
of [12], we must clarify that we our implementation is mostly '

based on that described in the of cial documentation [41] of = Kfy(s;u™), fy(s;u”)= R (99)
MuJoCo. Thus, in this section we will describe how MuJoCo's . 1
Bere now we de ne the regularizer & := K * which

constraint softening scheme can be applied to both the N . ) . .
makes it exactly equivalent to a mechanical compliance.

and CCP formulations of the FD problem. We will provide - . . .
brief derivation to clarify how this is possible and we refe?ombmmg (99) with the time-stepping EoM (74) to form

readers to [41] for further details. M JT u* _ th+ Mu
The constraint softening scheme essentially serves to aug- J; R v

ment thg NSOCP (16) introduced in Sec. IlI-B to render th@ute how we have included the bias velogity in the RHS
Regularized NSOCP (RNSOCP) that takes the form of ¢ (100). This is to account for the fact that any augmentations

(100)

RNSOCRD : R v¢; vy ; K): considered besides constraint softening would necessarily be
1 included in the de nition of the velocity-level constraints, i.e.
Find = argznlgin ExT (D +R) x fs(s;u*):= Jyu* v . The system (100) demonstrates that
X

T . _ the inclusion of the compliance in the joints can render the
+xDovitvet (V) 0 (959 gystem solvable with direct methods, otherwise its absence
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8
would result in a zero matrix in-place Bf and thus potentially % 3 (dojj + ;) 7doj = dwj_w O
admit multiple or no solution at all. Moreover, (100) can also = dy; %1 )
result from expressing the KKT conditions of (96), which in ™ -~ 2 doy % 0 '
the absence of unilateral constraints is identical to (95). "oy + fs(X) (dj o) ;Otherwise

Taking an optimization perspective, we can express the (104b)
Lagrangian of the original primal FD problem as wherex; is a shorthand for the absolute of the scaled and
. 1, ., T . offset residualr;, w; is the width parameter that de nes the
L(u™; )= sku™ utkw + ° Jou” +v o (101) interval [ wj;wy] within which the impedance is shaped by
rj, do; = d(0) is the minimum impedance whey = O,
and dyj = d(w) is the maximum impedance whem =
minmax L(u*; ) }k ké : (102) W Note that this operation effectively bounds the residual-
u* 2 to-impedance mapping to the ranges 2 [ w;;w] and
The additional term in the Lagrangian constitutes what & 2 [do;j; dw;]. Moreover, as we require that both impedance
referred to in the optimization literature askhonov regu- limits do;j andd,; (with do;j  dy;) are selected within the
larization [59]. Applying such a regularization is thereforg0; 1] range, the computed impedance also lies in the range
guaranteed to yield a unique minimum-norm solution, which & 2 [0; 1]. Fig.6 demonstrates examples of the residual-to-
a signi cant bene t of constraint softening, since it stabilizesmpedance mappings for various shaping function parameters.
the resulting contact reactions w.r.t successive time-steps. Therefore, given impedanak computed as just described, the

However, this regularization can result in signi cant unfompliance, damping and stiffness coef cients are respectively

derestimation of the constraint forces, leading to intolerable o= 1 d. b = 2 dj
constraint violation. Physically, this means that joints break, g T Ay T th di; 7 7
bodies drift away from one another, and contacting bodies ex- '

hibit signi cant interpenetration. Todorov et al [12] proposed g/here'l'j and ; are the tl_me-constant_ and the damping ratio,
solution to this predicament: construgt as a special form the respectively, of the effective mass-spring-damper system of the
-th constraint. The time-constant is essentially the inverse of

constraint stabilization described previously in Sec. V-C. Injﬁ& It fh ltivlied by the d :
nutshell, it causes the constraint-space dynamics to behavd gsnatural frequency of the system multiplied by the damping

atlo. Finally, the coef cients of the compliance matrix and
g;ference acceleration vector are respectively computed as

and observe the resulting saddle-point problem

(105)

a multi-dimensional, decoupled, and critically-damped sprin
mass system. Moreover, by carefully crafting a non-line
modu!ation of thg constraint residual, the effective_compliance, Ri=gDy; wij= t by +kr (106)
damping and stiffness can be adapted automatically accord-
ing to the magnitude of the constraint violation. ProceedinghereD;; is thej-th diagonal coef cient of the Delassus matrix
element-wise using indexfor each scalar constraint equationP, and y is the j-th coef cient of constraint-space velocity
the MuJoCo approach can be outlined as follows: vector v. This formulation therefore proceeds element-wise
and allows us to select distinct values of the parameter set
1) De ne shaping functions that modulate the residugls P;W; do; dy; T; g for each constrainf. This affords us
2) Use the shaping functions to compute impedatice  great exibility in selecting those that achieve the best results

3) Use each impedanak to compute corresponding com-possible, but with the disadvantage of not being automated.
pliancec;, dampingb; and stiffnesk; coef cients.

4) ConstructR anda, using the triplets;; by; ki 8j.

At the core of this approach lies a family of shaping
functions, which we'll generically denote ag(x), where

fs : R ! R. The shaping functions are re ected sigmoids

(i.e. symmetric w.r.t the domain) that modulate the residuals
ri. Parameterized by the midpoint valog and power factor
p;, they take the form of the linear and non-linear variants
fsL() = x (103a)

2 X m

fS;NL(X): . i (1 XA : (103b)

w7

We can choose between either depending on whether we

Sele_Cth =1 to use the linear, op > 1 fOtt the nonlmefar' Fig. 6. Examples of impedance shaping using the sigmoidal shaping functions
Having chosen a variant, the constraint impedance is thgg), for various settings of the midpoint valugy and power factorp,
computed using the piece-wise continuous pseudo-functiorparameters. The 2D plots are agnostic to the absolute impedance values, and
are shown only relative to the minimum and maximum impedance de ned by
jr]- mj do;j (dmin) anddp;j (dmax) respectively. The X-axis is clipped to the range

X = Tj (104a) de ned by the width parametes;.
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The nal step involves constructing the regulation velocity As Moreau rst established in his seminal work [25], a
V.. Although in practice we actually add each term directly tanifying view of these rst-order methods can be attained via
each dimension o¥;, for illustrative purposes, we can de nethe augmented Lagrange methddLM) [62], and proximal
this more clearly by expressing the diagonal matrices operators[63]. We will rst de ne the theoretical framework
that justies the template of Alg. 1 and then proceed to

— dian(ll. - T

K =diag(lke;:::5 knl') (107) describe the set of computational building-blocks that lead

B, = diag([by;:::; bnd]T) (108) to the construction of concrete dual solvers. Effectively, the
. T solvers resulting from this perspective are those that can

R =diag([c1 D11;:::; CngDngngl’) - (109) pe described as variants of the celebrated PGS algorithm,

some which can be seen as generalizations and improvements

thereof. In addition, we also consider a version of a state-of-
Ve= t Brvp +Keroo (110) the-art solver based on the primal-dual Alternating Direction

) . _ . Method of Multipliers (ADMM) algorithm [64], that was
Having outlined what MuJoCo-type constra|nt—softenmgecenﬂy proposed by Carpentier et al in [32]. This ADMM

terms, we can brie y analyze what they actually represent, aiththod is also derived using ALM and proximal operators

why they may lead to instabilities. As the regularized Delassygq thus also ful lls the template of Alg. 1, further broadening

matrix is positive de nite due to the presenceRf it is thus e applicability as the underlying foundation. The complete

also invertible, admitting the closed-form solution list of solvers we have evaluated is presented in Tab. I, and
0o=(D+R) Y (vi+v): (111) includes relevant implementation details.

The regulation velocity, is thus computed as

Using (111) renders the constraint-space velocity
Vi=D((D+R) "vi+R(D+R) v, ; (112) A. Preliminaries

which, reveals the element-wise constraint-space dynamicaNe begin with a brief review of elements fromonvex
o . analysis and proximal optimizationthat will be required in
Vo = Gy )+ (1 d)ve (113) " ihe continuation. We refer the reader to [65], [63] for details.

This demonstrates that the system will behave as multiple

decoupled spring-mass-damper elements. However, this cafhe indicator functionof a closed and convex s& R"

lead to signi cant oscillations if the parameters that determirevaluated at some point2 R" is de ned as

the non-linear impedance are not chosen carefully. Therefore,

although the regularization and regulation of the problem is o(x) = 0 ;x2¢C : (114)

somewhat automated, it still requires the user to choose the 1 ;x62C

aforedescrlbed_pargmeters-approprlately. and its conjugate is the so-calledpport function

One nal clari cation that is necessary to make before con-

cluding this part, is that the MuJoCo-like constraint softening Sc(x)= o(x):=supfy™x :y2Cg: (115)

method is mostly, but not exactly, compatible with the NSOCP y

formulation (95). As we described previously in Sec. V-B ant is important to note at this point, that @3s convex, then so

Sec. V-D, an augmentation that biases the free-veloejty too are ¢(x) andSc(x). In general, given a convex function

via v must satisfy the invariance property of the De Saxd : R"! R, then itssubdifferential@f (x) is de ned as

operator. However, ag, includes non-zero components in the

frictional dimensions due to the damping terms, it violates this@(x) =iy iyt x) () f(x); 8zg: (116)

requirement. By virtue of approximation, we can proceed tphus given that the indicator and support functions are convex,

apply it in the same manner as all other augmentations. we can apply (116) to de ne their respective subdifferentials

V1. DUAL SOLVERS as
Given a complete de nition, and construction, of the dual @ c(X):=fy :y"(z x) 0;822Cg ; (117)
FD NCP (15), we now address how it can be solved numeri- @c(x)=fy :yTz 0:822@ c(x)g : (118)

cally. This section therefore describes the set of rst-order dual

FD algorithms that ful Il the template of Alg.1. For brevity, we We now observe that, the aforede ned subdifferentials corre-
henceforth refer to them simply asial solvers Following the spond to the normal and tangent conesCodt pointx 2 C,
taxonomies described in [60], [7], [17], [38], we will summaJlespectively, i.eNc(x) = @ c(x) and Te(x) = @Bc(X).

rize how they are related as well as their distinguishing factorBhis property establishes the duality (i.e. conjugacy) between
Of course, one may note that their respective derivations cantbe two sets and their elements, in the form of

based on many seemingly different perspectives of the dual F STy _ )

problem, i.e.complementarity systemgrojected dynamigs ?/ 2ZNe(x), x2Tely), x2C;xly = Sc(y) + (119)
differential inclusionsand constrained optimizatiartHowever, Moreover, when the set under consideration is a closed and
the underlying theory ofconvex analysiscan be used to convex coneK, then in addition, the support function is
establish their equivalence as demonstrated by Brogliato [6identical to the indicator function of the dual cole, i.e.
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Sk(X) = k (x). This property, together with the dualityapproach of De Saxkcin [30]. This method attains a convex-
de ned in (119) results in the complementarity property  ication of (16) via xing the De Sax& term to the image
) of its argument and proceeding by successive approximation
Yy2ZNk(x), x2Nk (y),K3 x?y2K - (120) of this value. As we will show, it renders the problem convex
Next, let us introduce tharoxima| operator WhiCh, de nes and differentiable, ttlng well with the derivation of prOjective
a generalized gotion of projection. For any weighted metrigst-order methods. This convexi ed NCP takes the form of

normkxka = = xTAx, whereA 2 S}, , a proximal-point SOCRD ; v¢:K) :
to a convex functiorf(x) at somex 2 R" can be de ned as T
1 Givens= (v () (127)
prox* (x) := argmin f(y) + Ekx yk; - (121) 1
y Find = argmin > x"Dx + x"(vi + 9)
x 2K

The resultingz = prox (x) is often called theproximal-point
to the convex functiorf at x, andz 2 domf. In addition, To simplify notation, we denote (127) with the shorthand
we can de ne a mechanism to quantify the distance of the

min  h(x
proximal projection via thgroximal vector distance function x () : (128)
st f(x) 2K

i = : 122 : - . . .
dis§’ (x) := x proxt’ (x) (122) The rst step involved rewriting the inclusion constraint as
Furthermore, proximal operators are also applicable to de ne

in h
projections onto convex sets. Applying (121) to the indicator r)r(1;|yn (x)
function (114) of a convex s&t, the proximal projection and st. A(f(x) y)=0 ; (129)
distance operators take the form of y 2K
pro>€ (x) := argmin }kx ykZ (123a) Wherey 2 R™ is a vector ofslack variablesand A 2 S}
yc 2 is a matrix that will serve as a weighted metric norm. Since
disth (x) := x proxd (x) : (123b) A is PD, the equality constraint can only be satis ed when

f(x) y =0.The augmented Lagrangian of (129) is
Lastly, the subdifferential of the proximal operator also yields A o T )
an inclusion to the normal condc(x). Expanding (123a) L5a(X;y:2):= h(x)+ z" A (f(x) y)+ ékf(x) yKa
using the de nition of the indicator function ¢(x) as (130a)

= h(x) izTAz+§I< lz+f(x) yki (130b)

X = proxd (x) =argmin  c(y)+ L yk3 ;  (124) 2
v & }

1
f(y) = h(x) 7|<z|<,§+ Sk Yz+f(x) yki; (130c)
and evaluating the subdifferential at the proximal-point yield§vherez 2 RMis the vector of Lagrange multipliers,2 R is

@x)=@ c(x) A(X x)30: (125) the additional penalty parameter, akodkﬁ = x" Ax denotes

taking the norm in the metric space de ned By. Next, we

Thus we can see that the proximal operator renders a gfhinate the slack variableg from (129) by observing that
inclusion to the normal cone @& at pointx in the form of L/_;\A (x:y:z) is minimized w.rty 2 K at the point

1 .
X2 Ne(x)+A x (126) 'y =argmin k 1z+f(x) yKi=prog( lz+f(x);
y 2K
(131)
B. The Proximal Perspective yielding they-minimized augmented Lagrangian

To enunciate how and why projective rst-order methods a N ! 2 . 1 2.
follow the template in Alg. 1, we provide a brief derivationE (A (Gy 52) = h() - ki Ekdlsﬁ( Z+ Tk :
that highlights the underling common structure. This deriva- o . (132)
tion, based on the augmented Lagrange method and proxir-rqgfe elimination ofy renders the reduced saddle-point problem
operators, has its roots in the early seminal work of J.J Moreau min max LA, (X;y ;2) : (133)
in [25] and has been elaborated upon extensively by others as x ’
well. The derivation provided here is principally based on thieorming the KKT optimality conditions
woAr\k of SFuder et al |_n [66], [67]_and Erleben in [54]. Pl a(X 1y :2)=0:r,L A(xiy:z)=0;

s rst introduced in Sec. lll, in order to tackle the NCP (134)
(15), the principle tool will be the optimization perspective Vi%r (132), results in the system of equations
the NSOCP (16). Due to the nonlinear and non-differentiable
De Sax€& operator, it is very dif cult to solve directly. One r yh(x)+ A distﬁ( 1z+ f(X)r yf(x)=0 (135a)
method that has shown great success is that proposed by 1 . 1 P
Cadoux [51] and further developed by Acary et al in [31], Az + Adisg( z+ f(x)=0 ; (135b)
both taking inspiration from the origingiredictor-corrector
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and with a bit of refactoring we can arrive at feasible set of each coordinate. We can therefore alternatively
use a Gauss-Seidel (GS) iteration [69], in the form of

r«h(x)+ Azr ,f(x)=0 (136a)
1 R . nH e .
f(x)= proxg (f(x)+ 1'2z): (136b) Zl:= Dy pt+ Dimj m* Vij+s
m=1 me j+1 ;o (143)
Now we can plug in the de nition of the SOCP (127) to i = proxe (] LA;tZ)
(136), and observe that the Lagrange multipliers of the dual R N
problem corre.spond tp = ¢, i.e. neggtive augmgnted post- z; = D 1y Dimj [N Vi + §
event constraint velocities. The resulting system is el e 41 (144)
¢=A (D +vi+5s) (137a) it = prox, (| A tZ)
= prox ( 1oy (137b) We can also use a Successive-Over-Relaxation (SOR) update
which, when combined form thproximal-point equation }” =1 1) ; + }+1 ; (145)
= proX ( A LD +vi+9): (138) after every block-wise or coordinate-wise proximal projection.

. . . . .1 2 [0;2] is the so-called relaxation factor that linearly
A crucial proper.ty of the prOX|_maI.0perator IS thgt Its SOIUtIOnﬁnerpolates between the previous and current iterates. This
are alsoxed-points of the projection operation, i.e. additional operation presents some interesting theoretical and
= proe () : (139) practical properties, and is often used to accelerate conver-
] . ) gence. However, it can potentially lead to divergence if not
Therefore, interpreting (139) as a recursive procedure, aglected carefully, and choosing a value that generalizes across
starting from some initial point °, successively applying the all problems can prove dif cult. Choosingy = 1 corresponds
proximal operator should converge to one of its xed-points i, the GS iteration and thus this additional mechanism is a
a nite number of steps. This is the so-callpdoximal-point very versatile and easy extension to apply.
algorithmand can be conceptualized as Essentially, all of the aforementionéatal approaches treat
"= proxt o opro(9): (140) each sub-problem as though all other constraint re_actions_ are
xed constants. Moreover, the structure of the proximal-point
The nal step involves realizing the pr@ ) operator. The ajgorithm is akin toprojected gradient descends indicated
speci cs of how this is done is exactly that which distinguishegy (136), the velocity term corresponds to an estimate of
most algorithms from one another. To recapitulate, in order {Re gradientA serves as an approximate Hessian anthn

construct a proximal operator we need to choose: be understood as a step-size. Lastly, the projection onto the
an appropriate metric norr feasible set via the proximal operator exclusively serves to
an appropriate representation of satisfy the set-valued and inequality constraints. We have thus
a method to realize the projection laid the foundation which unies the set for tackling the
an iterative procedure dual FD NCP. It remains now to choose how to realize the

Moreover, another crucial choice is whether to realize tH@ojection and select andA, and will be covered next.
projection as onglobal operation accounting for the whole

problem at once, or break it up into chunks that can be solved

locally, depending of course on the structurefof The latter C. Projectors & Local Solvers

is what is referred 1o in the optimization literature laigck- This section describes the set of projection operators that are

coordinate descer68]. We will leave the global approach forused to realize the proximal operator (123b). As the latter can

Sec. VI-F where it is used in the ADMM-based solver. Forr) . -
. . . e considered more of a theoretical construct as opposed to a
now, we will focus on the block-wise methods that include

. . . . fteral operation, we will denote aimplementatiorthereof as
PGS and its variants. IA is k_)lock—dlagonal, then we cang projection operator, i.grojector, PX () introduced in the
express the block-wise operation
|

template of Alg.1. Many of them are derived analytically in

_ A e . closed-form, while some require solving an inner optimiza-
Z} = Dmi m + Vij+ S ] 141 tion problem. Recalling the construction (81) used for the
) m=1 ) ' (141) composite seK of admissible constraint reactions, we can
i+l ro A ! ip. 1 Z! ; ; ;
i X; ] i equivalently construct a composite projector as
and, if A is purely diagonal, the coordinate-wise version is PR1(xy)
. P . K — . .
2= 1 Dmji m*Vi+s P () = Ki ’ (146)
. _ ) ) (142) PXni(xpn)
+1 _ 3 1 1 !
teeof | et

where n; is the number of inequality constraint sets. Note
We should now recognize that (141) and (142) correspondttat, in generalp; 6 n + nc, as the constraint sets can differ
a single Jacobi iteration, followed by a projection onto thdepending on the contact model e.g. decoupled or spatial.
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Euclidean Projectors The rst set consists of geometric estimate of the local De Sa&ccorrection is omitted, then
projectors admitting analytical expressions. Speci cally, thethe dual variable is effectively the contact veloci»tji/, which
realize Euclidean projections onto their respective cones, laads to non-zero solutions along the contact normal. This is
they are derived assume the Euclidean metric nhorm. Thdserause it only enforces complementarity between primal and
include the: dual variables, without explicit consideration of the reaction
and velocity along the contact normal.

Conversely,Pncp( ) addresses this issue by decomposing
PR+ (x) :== max(0;X) : (147) the problem along the normal and tangent directions as two
projector to a 2D dislD(r)  R? of radiusr 2 R, : separate problems. This ensures zero contact velocity along
the contact normal by forcing the normal contact reaction to
X tkxks 1 be non-negative regardless of the presence of a Deé&Saxc
X kxky > (148)  correction term. For this projector, agaf = I, but is
ek different for the normal and tangential directions. For the
projector to a generic 3D Lorentz coeys RS: normal direction, it is taken directly as the inverse of the
respective diagonal componentDf while for both tangential
Xz components, the smallest of the two diagonal components is
PKs(x) 1= X " # kxXxykz Xz used. However, .this prc.)je(.:tor. can lead to contact. reactions
31 1+ Xz Xxy that are not maX|maII3_/ dlss_lpatlve since the decoupll_ng cannot
) kXxyKo KX xyko account for the couplings induced by other constraints.
(149) Both Pccp( ) andPnep( ) can be considered amive pro-
jectors. A more holistic approach would be to consider solving
projector to a Coulomb friction con¢  R® each local problem exactly, accounting for all other couplings

projector to the nonnegative orthaRi

PP (x) :=

80 5 KXk
E y KA xyK2

;kxxykz > X

8 0 kx ok 1y brought by the local dual variablq'. This approach has been
E A2 " described in works such as that of Studer in [67], Bonnefon
PK (x):= X " L SSLER .et al in [70], and Todorov in [12]. These methods solve a
3 kxikz + Xn ﬁ ks > i "single-contact problem by taking the geometric perspective
) 241 1 OAR2 JXn) described in Sec. IV-D and treating the open, stick and sliding

(150) cases explicitly. For the rst two cases, the projection is
) o trivially zero and the unconstrained solution of the linear
projector to the dual Coulomb friction cote := K1 gystem (i.e. initially assuming the dual variable is zero). For

8 0 ok the sliding case, the solution is found by considering the conic
KXz Xn section formed by the Coulomb cone and plane of maximum
1
PK (x) = X " a4 kxike Xn  compression. Finding the correct point amounts to nding a
' kxiko + Xn - _ . point on a 2D ellipse which can be rendered as a solution to
ke ke > Ty
; 1 ;

(151) Algorithm 2 CCP-Type Local SolvePccp( )

Note that the Coulomb cone and its dual are essentiaRequire: j, Dj, vy, Sj, . local problem de nition
specializations of the 3D Lorentz cone (149). Moreover,
although omitted from the aforedescribed IRf, also admits
a projector in the form of the identity functioR®"(x) = x. 20 i

zi Dy jtvets . compute local velocity

7
tr(D;)

) . 3 P K() . Coulomb cone projector (150)
Local Solvers The second set consists of projectors that

are additionally embedded with a contact model, in contrast: return
to the aforedescribed primitives which are purely geometric.
They can explicitly incorporate the Signorini-Coulomb contagtigorithm 3 NCP-Type Local ProjectoPyce( )

model, resulting in projections to the Coulomb friction CoNRequire: LDy, Vi, S, ~ local problem de nition
that satisfy the complementarity conditions. They are therefore ’
solvers of the single-contact dual problem and are used im: z; Dj j+ v¢j+ S . compute local velocity
constraint-wise iteration schemes. 1

The rst such projectors we consider alccp() and 2 N N ij;N
Pncp( ) that are re_spectively de ned in Alg. _2_and Alg. 3. 3 N P R ) . orthant projector (147)
These are very simple approaches to realizing the proxi- 1
mal projection that involve nothing more than a single-stept: .1 iiT min(Drrr Dirr) ZT
predictor-corrector operation. Speci callccp( ) can be in- D ) BT ETTY _ _
terpreted as assumindy = 1, and  set to the inverse of the 5 T P M) . disk projector (148)

average diagonal of the local Delassus matrix (i.e. respectivg:_ return

diagonal block). A subtlety of this approach is that if an j
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a Quadratic Cone Program (QCP). In the approaches of [67]We will brie y summarize the de nition of the projector
[70], the QCP was used to derive a semi-analytical solutidhrough the lens of proximal operators, while a complete
in the form of a root- nding problem of guartic polynomial derivations can be found in Appendix. C. Readers are also
In this work we will denote such QCP-based local solvergferred to [56], [40], [73] for further details. In our context,
as the Nonlinear-Block projectd?ng( ), de ned in Alg. 4. the local-contact QCP derived by Preclik that also incorporates
Such a projector can used to realize a form of dual solvlre De Saxé correction, takes the form of the problem

some authors refer to as the Nonlinear-Block Gauss Seidel

H = H 1T T . .
method [71], [72], [12]. However, the derivation of the QCP Find = argimin- 2 X Dijx+ X7 (Ve + )
can vary depending on certain modeling assumptions. st x2K | . (152)
In this work we have realized the variants proposed by Djx+ve; O '
Preclik et al in [56] and by Hwangbo et al in [40], respectively Djx 0

denoted afypp( ) and Pgg( ). Both of these projectors are
based on the derivation originally described by Preclik et ahe additional inequality constraints correspond to the Sig-
in [56], but differ in how the QCP is solved. In the case of thgorini condition on the post-event contact velocity, and to
former, the single-contact problem is transcribed as a singtfe requirement that the contact reaction does not induce a
variable QCP that is solved as a quartic polynomial, simil&elocity bias along the plane normal. Although the former is
to [67], [70], [12]. It differs to the aforementioned, howevertypically understood to be a condition of optimality, including

in that the QCP is derived using a model that employs #nexplicitly admits its geometric reinterpretation as nding a
alternate form of the disjunctive Signorini-Coulomb modepoint on a conic section. Keeping to the broader view, we will
(46), in conjunction with a objective function derived fromexpress (152) as a proximal operator. Denoting the inequality
the MDP (47). This approach was later adapted by HwangBenstraints as inclusions to the sets

et al in [40], who revised it by solving the QCP using o fA. A AT .

a bisection-search (BS) method, thusly employing it in the n:=[0; 0.1 (153a)
RaiSim simulator. A recent analysis of the former by Lidec Vo= fx :n' (Djx+vsj) Og; (153b)
et al in [73], identi ed that the QCP formulation was actually
violating the MDP when strong couplings between tangential ni=fxoont Djx  0Og (153¢)
and normal reactions occur, and proposed an amendment baggctan recast (152) as a proximal projection in the form of

on approximating the De Sa&aorrection term (50). ]
prox), (x) = argmin fypp(y; X) (154a)
y

Algorithm 4 Nonlinear-Block Local SolvePyg( )
Require: j, Djj, vt;j, Sj, . local problem de nition 1
0 D; Lveg+ s) . unconstrained solution + L (y)+ > kx yk%jj : (154b)

fuor(X;y) ==k (V) v, (Y)

=

I
2 if vi.n < O then ] ] .

if =0 then Note that this equivalence holds onlyxf:=  Dj (vt;j + sj).
Plugging in the unconstrained solution to (154b), yields (152).
This projector therefore corresponds to a proximal operator
with the single-contact Delassus matrix as a weighted metric
norm, i.e.A = Dj and = 1. The realization of (154b) as a

2

3

4 i=[0;0; Dpivenl . contact is frictionless
5. else

6 if ¢2S\K then

7

8

9

i= o - contact is sticking  projector applicable to per-constraint iteration is thus
else 8
: if vi.n =0 then 20 Vin < 0

10: if re- > 1then Pupp(X) = _ x Vin  0;x 2K
11: ;=0 . degenerate elliptic " QCRX;D;vi;K ) jvin 0 x 62K
12: else (155)
13: i from (224) . degenerate para/hyperbolic
14: end if D. Convergence
15: else - This section describes how we may realize the termination
16: j from (222) - contact is slipping ¢riteria functionsfsey( ) of Alg. 1. Although such operations
17 end if do not directly affect the convergence trajectories of the
18: end if corresponding algorithms, they are critical to the quality of
19:  end if the resulting solutions and useful for assessing solver perfor-
20 else mance. Thus, special care must be taken in selecting which
21 ;=0 . contact is open quantities should be evaluated in order to terminate a given
22: end if solver, as the criteria must re ect the effect of the algorithm.
23 retumn | Given the transcription of the problem as the NSOCP (16),

the most relevant measures to consider, would beptiraal,
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dual and complementarity residualde ned respectively as

()= P K() (156)
rav):=v P K (v); (157)
Fop( V)= {Vilen (158)
where [x]n = [x1; ;%1]". Note how the primal and dual

residuals are conveniently expressed using the projectors de-

scribed in Sec. VI-C. This property re ects the fact that the

primal and dlflal Va.”ables of the problem should satisfy ﬂ‘,:el . 7. A depiction of the geometric interpretation of the natural-map function.

normal-cone inclusions (120). Thus, a measure of the erfie \ functional is de ned o be the augmented constraint velogity=

corresponds to the proximal distance operator (122). F().If 2@ and F( )2 @°with ? F( ), then the vector
There is a crucial subtlety regarding the formulation of the, () 010neing & = sict pebendioser o e sfoce

dual and complementarity residuals compared to the primal.

While, the primal residual (156) is a universal measure that

is applicable in all cases, (157) and (158) must be evaluatediecessary and suf cient condition fer to be a solution to

according to whether the algorithm is solving a NCP or CCte NCP (162). The utility of this metric is often overlooked in

formulation of the dual problem. For the NCP, they woulthe robotics and graphics elds, but as Acary et al demonstrate

be evaluated using the augmented constraint veldcitythat in [7], it can serve as a reliable metric for qualifying if

includes the De Saxccorrection (14), while for the CCP, itthe output of solvers actually correspond to solutions of

would be the post-event constraint velocity (13). the NCP/CCP. In effect, it subsumes the primal, dual and
Moreover, we can also consider therate residual complementarity residuals, summarizing them into a single
- i — expression, albeit one that is signi cantly more expensive to

fier( 57 )= ; (159)  compute. In the case of the dual FD problems (15) and (18),

i.e. the relative difference between successive iterateand the functionalF () corresponds t@* andv™, respectively.
"1 of the solution. This alternative measure can be used Thus, the natural-map functions are for each problem are

several ways. Firstly, some approaghes described in the lite nat (= p K D +vi+ v'() : (163)
ature employ (159) as a computationally cheaper method of
determining convergence [7], when the evaluation of (156-158) FRy )= P K¢ D +vg): (164)

may prove costly. Second, it can be used in conjunction with . .
. o o . Lastly, we must clarify how the aforedescribed vector-
problem residuals as an auxiliary criteria for detecting solver . . : .
. . . -~ Vvalued residuals and metrics may be used in practice. The
stagnation, and thus invoke early stopping of the algorithm . : L
Some simulators like MuJoCo [37], option for usin altwo most prominent approaches employed in the majority of
» P 9 @humerical methods are the averadedandlL; norms. The

ternative convergence criteria based on the objective fu”fg'rmer computesn, 'k ks, and can serve as a measure of
d 3

tion. Sp_eu cglly,_ in the case of MuJoCo's GPGS s_olver, th e average error. The latter computesk; and effectively
guadratic objective (17a) is evaluated over successive solut|

iterates in order to compute elative improvemenbf the hders the worst-case error. In this work, hoyvever,. employ
L ) . . . theL; norm as it scales better w.r.t problem dimensions.

objective function, that is scaled by the total system inertia:

re = |t0é‘|jf( i) f( i His (160) E. Projective Splitting Methods

fVVith all the aforedescribed building-blocks in hand, we can

now de ne the rst set of concrete algorithms we will use to

olve the FD dual NCP. We will refer to these Bmjective
litting Methodsin accordance with the taxonomy described

wherelyta > 0 is the total diagonal inertial, i.e. the sum o
diagonal terms of the generalized mass matix Essentially,
this heuristic aims at identifying plateaus in the optimization i

order to perform early stopping, thus preventing the algorlthm [7]. Generally speaking, these algorithms all are block-wise

from iterating without signi cant effect. The scaling USingk/ersions of the SOR method described in Sec. VI-B. SOR is

Conditoning Wi Iarge mass ratios présent n the system. (e most generalof the so-called xed-point eration methods
In addition to the aforede ned metrics, another usef kfaSEd on matn)f spl|tt|ri'§. This categonzatlon_ is also just eo!
element from VI theory is theatural map fu;wction Lby_the observation that in the case of only _b|lateral cons_trgmts

being present, the solvers are exactly equivalent to an indirect
FlRix):=x P K(x FX)) ; (161) method for solving the linear system formed by the EoM (74)
and the velocity-level constraints (22).
As a matter of convention, however, we can think of these
K 3F(x)? x2K (162) as variants of the classic Projected Gauss-Seidel (PGS) [75],

which can be stated generically for any NCP of the form

This functional stems from a rather intuitive geometric 10SOR, Gauss-Seidel and the Jacobi method are so-cqilitting methods

. . . . . . These are a family of the more broader class of xed-point iteration methods
Interpretation of (162) that is deplcted in Fig.7. In [74]* [G]that also includexKrylov subspace methodsuch as the linear Conjugate

[60], it is proven thaF{2(x ) =0 for some vectox 2K, is Gradient (CG) algorithm, and the Minimum Residual (MINRES) method.
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[76], [77], which is ubiquitous in the realm of physicalhave realized two ADMM-based methods to solve the dual
simulation. Indeed it is present in most, if not all, of thé-D problem that respectively tackle the CCP (18) and NCP
popular physics engines such MuJoCo[58], PhysX [78], Bull€t5). The rst, here referred to as ADMM-CCP, is based on the
[20], RaiSim [40] and ODE [57]. However, the variantalgorithm proposed by Lidec et al in [38], that similarly to that
that are most commonly distinguished from "vanilla” PG®f Tasora et al [45], constitutes a direct application of ADMM
are PSOR [79], GPGS [37], [12], NBGS [72]. Moreover, & the SOCP (19). The second and more advanced solver,
generalization of all of these algorithms, and arguably there referred to as ADMM-NCP, is based on the proximal
most theoretically founded, is the PROX algorithm [66], [S4formulation proposed by Carpentier et al in [32] that combines
(a.k.a. SORProx). In addition to being the closest to the exa®MM with proximal algorithms in a form that can solve
structure of the block-wise proximal-point algorithm (141)the NCP via the convex SOCP (127). In both cases, we have
it selectsA and exactly according to the conditioning ofadapted the original algorithms to the maximal-coordinate
the problem and performs an automatic adaptation of theS&BD formulation in order to also incorporate bilateral joint
parameters over successive iterations. However, purely dueatw unilateral limit constraints.
time considerations, the authors regretfully have not been ables it turns out however, we found that both ADMM-CCP
to include the PROX algorithm in this evaluation, but we hopgnd ADMM-NCP are so similar, that they can share a
to do so in the future. common implementation. They only difference between them,
All projective splitting-based solvers are realized for thin fact, is that ADMM-NCP includes two additional terms:
multi-constrained multi-body FD problem case using th@) the estimate of the De Saxcorrection (78), and (b) an
scheme de ned in Alg. 5. PGS-CCP by Tasora et al [80] is additional proximal regularization objective. Thus, to bring
blocked variant of PGS that solves the CCP (18) formulatiahese solvers into the context of this work, we provide a
of the dual problem using Euclidean projection, ie= |, brief outline of the proximal formulation of ADMM-NCP,
and an ALM penalty equal to the average of the diagondkscribe the computations that are required to realize it, and
terms of each local Delassus matrix. PGS-NCP is a versiolarify how it is relaxed to form ADMM-CCP. For further
of the classic PGS adapted to 3D Coulomb friction cones thédtails regarding ADMM-NCP and ADMM in general, we
uses decoupled normal-tangent projections to enforce the NfeBpectively refer the interested reader to [64] and [32]. We
constraints. NBGS by Preclik et al [56] that uses an blockétghly recommend these original works, as well as [45], as
version of PGS that solves each local per-contact problehese proved very insightful in better understanding how and
exactly using a semi-analytical solution based on a decisismny ADMM can be applied to such problems.
tree and a quartic polynomial. RAISIM by Hwangbo et
al [40] is fundamenta"y identical to NBGS except that it uses Proximal ADMM: As yet another rst-order method ad-
the Pgg() projector based on the bisection-search methogering to the template of Alg. 1, ADMM-NCP shares a
RAISIM-DS by Lidec et al [73] is an enhanced version ofear-identical derivation to splitting-based methods. Thus our
RAISIM that also incorporates successive approximations &farting point to deriving it is a direct sequel to Sec. VI-B. The
the De Saxé correction in the local solver of per-contactyst step is recognizing that ADMM is in fact a global solver
constraints. RAISIM-DS-ES, an Early Stopping (ES) versiofhat accounts for all constraint simultaneously, as opposed
of RAISIM-DS that replaces the constraint-based terminatig§ PGS and its variants that use the per-constraint iteration
criteria with the relative Objective function improvement (160)5cheme in Conjunction with a local Sing|e-c0ntact solver.
Thus, ADMM-NCP effectively computes a direct approxi-

F. Alternating Direction Method of Multipliers mation of the global proximal-point projection

In the context of mechanics, ADMM has only recently be- = proXg ( A T(D +vi+9):
ggnptg geai)épilg r?/gr?jn?sn. ?I_I;Zr:g“e/f ;(I) irﬁ ;;T:p?ﬁetgoggfﬂu réwriting the objective function of the convex SOCP (127) as
to the relaxed CCP (18) of the dual FD problem trgnscribgd h(x:s) := }XT Dx + xT(vf + 8) ; (165)
as the convex SOCP (19). This work demonstrated impressive 2
versatility in being able to simulate both constrained rigicand setting the metric tensér = I, to employ the Euclidean
body systems such as a robotic manipulator as well as stagksm, we can de ne the augmented Lagrangian
of exible bodies such as deformable bars. Similarly, others LA (s:x:y:2)= h(x:s)+ )
have also applied ADMM to the primal FD problem with DSy 2) ' kY
equally impressive demonstrations of its capabilities. Daviet
in [81], [82] used it to solve a softened version of the problem,
rendering exceptionally realistic simulations of compliant hair oKXy 152
bers. Very recently, Lee et al in [83] used it to solve 2 2
an NCP-type formulation for simulating articulated robotsyhere is an additional proximal parameter, and is
demonstrating competitive accuracy-speed tradeoffs compatied previous estimate of the primal variable. Typically, the
to a state-of-the-art Newton-based method. additional proximal parameter is set to = 10 ©. Now

The second set of solvers we have evaluated are basedhote how(166) is otherwise identical to (130c), except for
the ADMM algorithm of Boyd et al [64]. Speci cally, we the additional proximal-point termykx X k3. However

+5kx  x ki tkzki ; (166)
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simple it may seem, this single term was one of the important r‘Cp = x} T z} In+ne (170c)

insights of [32], as it provides a special form of regularization

to the Delassus matrix that renders the Hessian of (165)

strictly convex while totally avoiding any biasing effects in the

solution. Another way to interpret the effect of this term is that Penalty Adaptation The nal component of ADMM-NCP

the Lagrangian (166) implies a double proximal projectiomnvolves the determination of the ALM penalty parameter

one to the feasible set and another to the previous iterate. Similarly to the description of splitting-based methods and
A crucial shortcut that ADMM takes from the typicalhow each variant elects to choosethere several options exist

ALM derivation described in Sec. VI-B, is that it de nes thefor ADMM as well. In particular, we have realized three:

alternating directions that update the primal variatdesdy. o

Thus each iteration of ADMM-NCP decomposes the problem1) A xed-penalty (FP), where it is set to a user-

into a cascade the of sub-problems speci ed constant, i.e. = © > 0, which by default,
we have found © = 1 to work well across all problems.

g = (V+ (xi 1)) ; (167a)
X1 = argmin L’;\ ($hx:yi bz 1y (167b) 2) A Linear Adaptatlofr;(LA) scheme in the form of
X i1 i
' ) . . 2 inc I’p—l’d
y' =argmin LA (six5y;2 1) (167¢) =R T e iyt
‘ y A A - i1 : 1< ri=rlj <
Z=71 (x y: (167d) " any

where r:) and r; are respectively the primal and dual
residual of the current iteration> 1 is the a threshold

on the ratio of primal-dual residuals, angl¢; gec> O

are the linear increment/decrement factors. The latter
essentially modulate the penalty parameter only when

the ratio of primal-dual residuals exceeds the threshold

The rst step (167a) performs the convex relaxation of the
NSOCP (16) via the iterate estimates of the De $aarrec-
tion. The second step (167b) corresponds to an unconstrained
QP that renders the unconstrained solutirdirectly as

x'= D.! vi+¢d xK Ve Zk (168) , attempting to maintain them both relatively close
__' ] to each other. Typical values for these parameters are
whereD. = D +( + )l denotes Delassus matrix =10:0 and ine; gec=1:5.

regularized by the proximal point parameter and the ALM
penalty. The third sub-problem in (167c) corresponds to theg
proximal projection onto the feasible set, that is realized using
the Euclidean projector onto the cokKg i.e.

Based on an analysis by Nishihara et al in [84] on the

of the convergence properties of ADMM, Carpentier et
al proposed aSpectral Adaptation(SA) scheme that
y'=prox, x 1,0 1 = pK i 1201 (169) both initializes a}nd adapts the penaltybaseq on the
spectral properties of the Delassus matdx i.e. the

The last sub-problem (167d) corresponds to the update of the  conditioning of the problem. Denoting the largest and

dual variablez of ADMM, and is akin to performing a simple smallest eigenvalues @ respectively ag := madD)
gradient descent step with the penaltycting as a step-size, andm := min(D), and subsequently the condition
and theconsensus errobetween the primal variables acting number as = (D) =: L=m, the SA scheme is
as the gradient. Lastly, to extract ADMM-CCP from the P« p—
aforedescribed derivation, we can simply neglect (167a), i.e. = Lomo ¢’ (172a)
s'=0; 8i and omit;kx x k3 from (166). g I rip:rg
o : ” =R hi= Tt i .

Convergence Criteria The typical de nition of ADMM Z i RN

involves a convergence criteria based solely on the primal-dual ’ d (172b)

residualsr, andrg, as de ned in (156) and (157), respectively.
However, as ADMM-NCP is solving an NCP, it is crucial that
(158) must also be evaluated in order to ensure that solutions

where o; > 0 are the initialization and adaptation
factors. Typical values for SA are = 10:0; ¢ =

. X . 0:2; = 0:05 A nal remark regarding the values of
satisfy the physical constraints of the problem. However, o . L
o L; min the SA scheme, is that it is not actually necessary
compared to the other splitting-based solvers, ADMM-NCP = . T
to computem ;= in(D), since ensures that it will

does not need to evaluate the costly computations described
in Sec. VI-F, which would require several matrix-vector multi-
plications to evaluate. Instead, for ADMM-NCP and ADMM-
CCP, we can evaluatg andrq directly using the iterate values

of the primal-dual variableg'; y': z' as

be its worst-case value. Thus we can alwaysnset
Moreover, the value df need not be exact, meaning that
we can employ computationally cheap estimates that can
be rendered using techniques such as the Power-Iteration
method [85]. Sec. VII-B provides more details on the
rip =x oy (170a) spectral propertiek; m; and how they are determined

) . . . . by the properties of the system.
= (0 K ey y Y (170b) Y e prop g
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TABLE |
Dual Solvers De nition of each solver considered in this evaluation.
| Solver ID | Scheme | Projector | De Sax@ | Termination [ Notes

PGS-CCP SOR (Alg. 5) CCP (Alg. 2) yes (156)(157)(158)
PGS-NCP SOR (Alg. 5) NCP (Alg. 3) no (156)(157)(158)
NBGS SOR (Alg. 5) NB (Alg. 4) + MDP no (156)(157)(158)
RAISIM SOR (Alg. 5) NB (Alg. 4) + BS no (156)(157)(158)
RAISIM-DS SOR (Alg. 5) NB (Alg. 4) + BS yes (156)(157)(158)
RAISIM-DS-ES SOR (Alg. 5) NB (Alg. 4) + BS yes (160)
ADMM-CCP ADMM (Alg. 6) | Euclidean (150) no (156)(157)(158)| xed penalty

FP | ADMM (Alg. 6) | Euclidean (150) yes (156)(157)(158)| xed penalty
ADMM-NCP-* | LA | ADMM (Alg. 6) | Euclidean (150) yes (156)(157)(158)| linear adapt. (171)

SA | ADMM (Alg. 6) | Euclidean (150) yes (156)(157)(158)| spectral adapt. (172

Algorithm 5 Projective Splitting-based Solver

Algorithm 6 Proximal ADMM-based Solver

Require: Nmax ! %, ! min» pr dv cp - Solver parameters Require: Nma o pr dr cp . solver parameters
Require: DO; Vf;OK; P(); fsop) . problem de nition  Require: D; vi; K; PX() . problem de nition
H - . + H
Require: 7 v - optional warmstart. pequire;  ©; v+ . optional warmstart
. initialization
1! 10 0 0 0 o
2: for i =1 to Npay do . solver iteration X~ Y - Initialization
2220  v*O
3 forj=1ton q9 p . joint iteration
i i1 . . .
4 Vi Vi me<j Dim m m>j Djm m 3: for i =1 to Npyay do . solver iterations
5 o Dj 1".“"1 .
. | i i ' B , .
6: i @ )Tt 4 s (Z Y . De Saxé estimate
7:  end for
. i i i1 iyl 1 41

g for1=1ton gdo P . limit iteration 5V Vi¥sS X y ooz oﬁset update
o: Vel Vgl me1 Dim m m>j Dim o 6: Xf D+ (. + ) |nd_ v! . primal update
10: o D, v 7o xt @ Ny T+ x . over-relaxation
11: L P R o) g y P K xi Llz1 . slack update
12: L@ ) e 90 721 A1 ix oyl . dual update
13:  end for

. .10 i . update solution
14: for k=1 tone (B) p - contact iteration 0 . y : . P
15 Ver Vi Dy | D, i1 1: v z' (z)

: fik fk  mekDkm m m>kDkm m
16: Si (D k* Vik) _ _ .
17 k P ( kDuaVikiSi; K 122 1, kxty'ke - residuals
18: Ko@) gt 13 ko (0 X D+ iyt oyl Dk
19:  end for 14: 1,k re(x'; Z)ky . from (158)
200 vt D '+ v . update solution o i i
21 i 150 if (rp< )M (rg< o)™ (rep< ¢p) then
16: break
22:if faol V' i d; ¢p) = true then 17 end if
23: break
24:  endif , 18 R bk . from (171) or (172)
25. | min(! min; ! ) . relaxation decay
26: end for 19: end for
return ; v* return ; v*
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VII. BENCHMARKING FRAMEWORK f : R"! R™ we say that the former igl-conditioned if

In this section we proposed a general-purpose framewdik SO-calledcondition number ¢ 2 (0;1 ) exhibits large
for evaluating FD solvers. Fundamentally, our approach i¥&lUes. i.e. many orders of magnitude larger than unity. The
volves three core elements. Firstly, we have compiled &€CiSe de nition of ¢ depends on the nature 6fand the
extensive suite of problems involving constrained rigid mult€h0icé of metric norm used to measure distances in the
body systems ranging from primitive toy problems to fulldomain and image of the mapping, but effectively, it is always
scale complex mechanical assemblies such as robotic syst§ff§€ measure of the sensitivity of the input-output mapping
and Audio-Animatronic® gures. Secondly, we dene a Y = f(X). In our case we will employ de nitions pertaining
scheme to categorize dual problems based on the relafifeconvex functionsind matrices which, are closely related
constraint dimensionality and conditioning of each, whicfirough the theory ofmonotone operatorf87].

enables a systematic characterization of solver performancéPeci cally, if the operator is a convex functidn R" I R,
based on the problem dif culty. Third, the we prescribe a s¥thereR := R[f1g , the condition number of = f(x) is

of quantitative performance metrics based on rst-principlede ned as ¢ = L=m, wherem> 0Q'is theconvexity parameter
that are indicative of solver accuracy, robustness and spe@@d L > 0 is the Lipschitz constanbf f. See [87] for more
The presented approach is greatly inspired by the past wélgtails. Intuitively,m andL are respectively equivalent to the
of Acary et al in [86], [7], and is in effect, a direct extensiorfmallest and largest singular values of the Hessidfi(x)

of the former to cases of complex mechanical assemblies sifcf were twice continuously-differentiable. This equivalence
as robotic systems. Within the scope of this work, we utilizedgturally leads to second de nition regarding matrices: in the
it to only compare the speci ¢ set of algorithms described if@se of afne functions of the fornf(x) = Ax + b, the

Sec. VI, as will be presented in Sec. VIII. equivalent quantity is thenatrix condition number o :=
madA)= min(A), i.e. the ratio of its largest and smallest
_ singular values ma{A) = L, min(A) = m of matrix
A. Benchmark Suite A 2 R" ™ This also means that the Lipschitz constant
The suite of simulation problems, depicted in Fig. 8, consist®rresponds to the spectral radius Af, i.e. L = (A).
of twelve constrained rigid multi-body systems, spanning Moreover, for symmetric matrice8 2 R" ", i.e. A = AT,
wide range of ill-conditioned and numerically challenginga = mad{A)= min(A) where now the condition number

scenarios. The toy problems principally serve to establisin be de ned using its largest and smallest eigenvalues.
performance baselines of each solver on the distinct typesyith these de nitions in hand, let us now consider how
of ill-conditioning emerging in the more complex systemsjl-conditioning arises within the mechanical context of rigid-
and thus facilitate systematic analyses of their qualitatiyghdy dynamics. The two key elements at play here are
behaviors. The full-scale systems are used to asses howt@aé Jacobian matrid and the generalized mass matik.
gorithm performance scales with problem dimensionality antherefore, when either of the two (or both) exhibit large
conditioning directly in cases of immediate practical relevancgendition numbers, then the overall FD problem is said to
It is thus organized into three categories of increasing syst¢ya ill-conditioned, and can occur in cases of:

complexity and dif culty, namely:

1) Primitives a set of toy problems, each exhibiting a
speci ¢ case of ill-conditioning to be tackled in isolation.

2) Robotics a set of problems involving robotic systems
that are of moderate to high dif culty. They are all
articulated systems without kinematic loops, and colli-
sions involve only geometric primitives or minimal-size
convex meshes, as is typical in robotics applications.

3) Audio-Animatronic®: a set of complex mechanical sys-
tems, each exhibiting multiple kinematic loop-closures.
While most are af xed w.r.t the world via a unary xed-
joints one is also free- oating. For these systems colli-
sions are evaluated solely using the raw true mesh-based
geometry of the mechanical assembly. The geometry
is also multi-layered, as the internal mechanisms are
enclosed by exterioshells Thus potential collisions
include combinations between the world, shells and
internal components.

Hyperstaticity this corresponds to rank-de ciency in the
Jacobian matri¥ due to constraint coupling. It can occur
in the following ways: (a) intrinsically due to kinematic
loops occurring in the joint morphology, (b) extrinsically
due to multiple contacts acting on the same body or on
the system overall, and (c) when the system approaches a
kinematic singularity. Rank-de ciency therefore amounts
to J exhibiting one or more zero-valued eigenvalues, i.e.
min(A) =0, resulting in 11
Inertial disparity. this is when the system's mass ratio
'm = MmacMnin 1, i.e. that of the largest and
smallest mass present in the system is signi cantly larger
than unity. How much larger than unity is of course
relative. Practically speaking, and in terms of orders-
of-magnitude, a forward dynamics problem can be ill-
conditioned if rp, 10°. Although M is necessarily
positive-de nite, its inversion with a high,, multiplied
by the effective lever-arms df can result in exceptionally
large p, the condition number of the Delassus matrix.

B. Characterizing lll-conditioning Therefore, the combined effects of hyperstaticity and inertial

It is important to rst de ne what exactly ill-conditioning disparity can prove detrimental to both the rate of convergence
is and how it arises in the context of mechanics. Generalty dual solvers as well as the stability of the resulting con-
speaking, given a function or operator de ned by the mappirgjraint reactions. The former leads to excessive iterations being
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required to solve the problem, while the latter causes erraiccomparative framework that combines and extends the work
changes to the forces rendered between successive iteratmngcary et al [7] and Lidec et al [38], [32]. Speci cally,
without substantial changes to the system's state. it involves two aspects: a) a set of sample-wise quantitative
performance metrics, and b) a schema for representing
aggregate performance using statistical measures computed

C. Sample Categories X
over multiple samples.

Given the aforedescribed de nition of ill-conditioning, we

aim to systematically characterize and categorize time-wiseAccuracy We will rst de ne metrics for physical plau-
samples extracted from each problem in the suite. In thigjjity and accuracy. In this regard, comparing dual solvers
context, asampleis de ned as a single dual problem in thej, systematic manner is a rather non-trivial task. As the
form of the NCP (15) or CCP (18). Each sample can therefoggyorithms can differ signi cantly in terms of the employed
be solved by a set of solver instances varying in terms gfimerical scheme and the contact model, this precludes the
the algorithm or hyper-parameters. This aspect of our Wof¢e of their respective convergence criteria as comparative
has been inspired by the tremendously thorough techni¢abasures. Therefore, we must resort to using metrics which

reports of Acary et al on the FCLib [86] and numerical solvegan generalize to all cases, e.g. a CCP or NCP-based contact
comparisons in [7], as well as that of Ledic et al in theif,gdel etc. In particular, we propose to use:

comparisons of contact models in [38].

Employing a similar categorization as in [7], we characterize
each sample problem based on so-caltedstraint densities Foen=: Kf(s)ky ; (173)
d = NMg=npg, dc = 3 Nc=6ny, djc = Ng=6n, corresponding
to that of the joints, gontacts and total constraint sets, re-
spectively, whereng := J-”;l my denotes the total number of
constraint dimensions of the joints. These densities express the
ratio of number of constraints to body DoFs, and whenever ) .
they are greater than unity, express thatential for rank- computed constramt reactions.
de ciency of J. For this reason we also measure the actual 2) theNCP Dual Residual
matrix rankry = rankJ) of the system Jacobian. Note that Fagual =: Krg(v® + (v )k : (174)
we have omitted the isolated constraint density of joint limits ] o o ]
as it, by de nition, cannot exceed the joint constraint density  1iS quantity is useful because it indicates if non-zero
d,, and so does not really contribute much information on its ~ Vvelocities are present along directions that violate the
own. It is, however, included in the total constraint density ~ constraint. For joints this simply amounts to the total

measurement;.. Thus, using these densities and marix rank, constraint-space velocities, which should ideally be zero
we categorize each sample as either: at all times. For limits and contacts, it corresponds

to non-zero velocities along the unilateral constraint
dimension, e.g. the contact normal. A proof of this
property is provided in Appendix. A.

3) the NCP Complementarity Residual

1) thePenetration Residual

wheref : S®» | R™ js the total con guration-

level constraint function de ned in (84). This metric
effectively indicates the worst-case con guration-level
constraint violation occurring as a byproduct of the

Independent Jointsi; =0, n; 1, andry = ng.
Redundant Joints: =0, n; 1,13 < ng, andd; < 1
Dense Jointsnc =0, n; 1,1y < ng, andd; 1
Single Contactn, =1

Sparse Contactsi. 2 [2; 2np] (i.e.d. < 1) nep = Krep( 3 v+ (VT )ke ; (175)
Dense Contactay, > 2n, andd; > 1 )
Dense Constraints), 1,1y 1 anddjs > 1 which serves as a measure of adherence to the MDP.

Essentially, non-zero values indicate a misalignment
between constraint reactions and corresponding contact
velocities along the tangential planes, i.e. the deviation
from maximal dissipativity, as well as erroneous power

distributions along contact normals.

the NCP Natural-Map Residual

The rst case ofIndependent Jointss used to establish a
baseline of nominal performance for samples that can admit
a full-row rank J. Note also the special case &ingle
Contact n = 1. Although seemingly trivial, for problems with
large mass ratios and/or large number of joints, the single- )
contact case can inform us about the capacity of a particular
solver to correctly propagate and distribute constraint reactions Mat=: KFR&( ;v ke ; (176)

throughout the system. . .
9 y which indicates how near the computed contact

reaction is to a solution of the NCP. As described

D. Performance Metrics in Sec. VI-D, it combines the effects of the primal,
Selecting appropriate performance metrics is crucial to dual and complementarity residuals into a single value,
evaluating dual solvers w.r.t their physical plausibility, providing a convenient short-hand for both solver

accuracy, speed, and robustness, both in relative and absolute convergence and solution validity.

terms. Moreover, our objective must be to state such

comparisons as fairly as possible, but also in a manner thaSpeed Next, we will de ne a set of metrics for assessing

is representative of the actual needs of relevant applicatiottse speed and convergence behavior of each algorithm. These
Overall, our approach for evaluating dual solvers consists wfll serve as proxies to estimating the effective computational
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Fig. 8. Benchmark Suitea set of twelve constrained rigid multi-body systems spanning three categories. The top, middle and bottom rows respectively
depict thePrimitive, Robotics and Audio-Animatronic® problem categories, and the system complexity is increasing from left to right. The rst category
contains a set of toy problems that are often used to establish a baseline of behavior in specic cases of ill-conditioning. The second category involving
robotic systems serves to evaluate solver performance on well established problems in encountered in robotics applications. These problems do not exhibit
any inherent ill-conditioning, but the presence of joint limits and contacts, in addition to the use of meshes as the collision geometry, signi cantly increase
the dif culty of simulating them. The third category involves mostly xed-bases systems with the exception of Walker which is oating-based. All of these
problems exhibit multiple intrinsic kinematic loops with a relatively large number of bodies, and present the biggest challenge, as the systems are inherently
ill-conditioned due to the combined effects of: mesh collisions, inherent kinematic loops, passive (i.e. unactuated) joints, presence of unary joints, signi cantly
larger problem dimensions, and large disparity in body masses.

Benchmark SuiteThe intrinsic dimensions of (;raAiLsEygtem, i.e. without active limit and contact constraints.

] System Base Bodies Joints Total DoFs Passive DoFs Actuated DoFs Constraints Mass Rﬁtio
Box-on-Plane Free 1 0 6 0 0 0 1.00
Boxes-Fixed Free 2 1 6 0 0 6 1000.00
Nunchuk Free 3 2 12 6 0 6 1.00
Fourbar ( xed) Fixed 4 5 1 0 1 26 1.00
Fourbar (free) Free 4 4 7 5 1 20 1.00
Arm7D Fixed 8 7 7 0 7 41 19.54
Quadruped Free 13 12 18 6 12 60 29.07
BDX Free 15 14 14 6 14 70 42.49
LIMA Free 21 20 26 6 20 100 321.39
Misha Fixed 22 24 23 0 23 121 90.67
Walker Free 31 36 42 18 24 180 99.55
Gazelle Fixed 38 45 60 38 22 214 1012.54
IronMan Fixed 54 67 100 80 20 304 25544.44
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