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On Solving the Dynamics of Constrained Rigid
Multi-Body Systems with Kinematic Loops

Vassilios Tsounis, Ruben Grandia, and Moritz Bächer

Abstract—This technical report provides an in-depth evalua-
tion of both established and state-of-the-art methods for simu-
lating constrained rigid multi-body systems with hard-contact
dynamics, using formulations of Nonlinear Complementarity
Problems (NCPs). We are particularly interest in examining the
simulation of highly coupled mechanical systems with multitudes
of closed-loop bilateral kinematic joint constraints in the presence
of additional unilateral constraints such as joint limits and fric-
tional contacts with restitutive impacts. This work thus presents
an up-to-date literature survey of the relevant fields, as well as an
in-depth description of the approaches used for the formulation
and solving of the numerical time-integration problem in a
maximal coordinate setting. More specifically, our focus lies on a
version of the overall problem that decomposes it into the forward
dynamics problem followed by a time-integration using the states
of the bodies and the constraint reactions rendered by the former.
We then proceed to elaborate on the formulations used to model
frictional contact dynamics and define a set of solvers that are
representative of those currently employed in the majority of
the established physics engines. A key aspect of this work is
the definition of a benchmarking framework that we propose
as a means to both qualitatively and quantitatively evaluate the
performance envelopes of the set of solvers on a diverse set of
challenging simulation scenarios. We thus present an extensive set
of experiments that aim at highlighting the absolute and relative
performance of all solvers on particular problems of interest as
well as aggravatingly over the complete set defined in the suite.

I. INTRODUCTION

Simulating complex mechanical systems such as multi-limb
robots that can walk and manipulate is a key element in today’s
workflows for the development and testing of such systems.
Indeed the availability of fast and accurate physical simulation
has recently proved to be fundamental in applying state-of-
the-art methods such as Deep Reinforcement Learning (DRL)
for their control [1], [2]. One important challenge the field
currently faces is being able to design and control robots with
highly coupled mechanical assemblies that exhibit intrinsic
closed kinematic loops [3]. Such configurations are often used
as means for transferring power and motion with reduced
requirements on actuation compared to serial chains.

Traditionally, however, the latter approach has been em-
ployed and the systems have been designed to be as simple
as possible, both mechanically and morphologically. Exam-
ples include: a) actuating all joints, i.e. having no passive
Degrees-of-Freedom (DoF), b) simplifying mechanical power
transmission by placing actuators directly at or as near to the
joint DoF as possible, and c) avoiding the use of parallel
actuation that induces closed-loop kinematics. Besides the
obvious benefits in terms of hardware design, in large part,
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the aforementioned conventions have also served to simplify
simulating and controlling walking systems. In the presence
of singularities and hyperstaticity, the system dynamics can
become exceptionally challenging to solve, whether it be their
forward dynamics for simulation, or inverse dynamics for con-
trol. As more advanced control methods that circumvent these
challenges by employing nonlinear optimization and/or DRL
have become widely available, it remains an open problem of
how can we make our physics engines capable of accurately
and efficiently simulating systems with arbitrary mechanical
assemblies.

Such a capability would have the potential to revolutionize
the kinds of robots that could be developed. In the case of
DRL in particular, which makes no assumptions on the model
of the system, it is only limited in practice by the throughput
of the simulation due to the large sample complexity required
for convergence [1], [4], [5]. Therefore if physically accurate
and fast simulation for complex mechanisms can achieve an
effective throughput on par with that of articulated systems, it
would open up the possibility of applying DRL to any type of
robot, and even more types of mechanical systems in general.

Broadly speaking, the requirements placed on such universal
simulators could be considered in terms of two categories:

• Modeling requirements: these are the types of constraints
that can be supported. These include bilateral kinematic
constraints such as passive, actuated, binary or unary
joints that are common in mechanical assemblies, closed-
loop kinematics and redundancy, as well as unilateral
constraints such as frictional contacts and joint limits.

• Performance requirements: physical plausibility1 and the
relative trade-off between accuracy and speed that a
given approach would exhibit. In this context, accuracy
is defined strictly in terms of constraint satisfaction and
sensitivity of the resulting constraint reactions (i.e. forces
and torques) w.r.t the state of the system. Simulation
speed is often conflated with sample throughput. In this
work we consider speed strictly in the single-instance
sense, i.e. in the absence of mass parallelization, for
example on a GPU.

Satisfying all of the aforementioned modeling requirements,
however, bears significant numerical challenges. Firstly, the
forward dynamics problem can be ill-conditioned in the pres-
ence of large mass ratios and hyperstaticity due to highly cou-
pled constraints such as closed-loop kinematics and underac-
tuation. Secondly, constraint satisfaction at configuration-level

1Physical realism is a difficult assertion to make when simulating rigid-body
systems with discrete contacts. A more conservative and fair view would be
to assert physical plausibility in terms of respecting kinematic constraints and
based on the regularity of the computed constraint forces and torques.
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(i.e. joints breaking, limits being exceeded and body inter-
penetrations) can occur as a result of inaccurately estimating
constraint reactions, and can accumulate prohibitively over
multiple simulation steps. Moreover, another consequence of
the ill-conditioning is the potential irregularity of the yielded
constraint reactions, which can become extremely sensitive
to small changes in the state of the system and thus change
erratically over subsequent time-steps although the state has
experienced changes on scales close to the numerical preci-
sion. Lastly, the stability of the solution can deteriorate when
using larger time-steps, which is often necessary for increasing
simulation throughput in applications such as DRL.

In this paper we present an empirical evaluation of existing
approaches for solving the forward dynamics of constrained
rigid-body systems. We consider cases that include bilateral
kinematic constraints, of arbitrary connectivity and under/over
actuation, as well as additional unilateral constraints that
model restitutive impacts, frictional contacts and joint limits.
Specifically, we compare both established and state-of-the-art
algorithms for solving the Nonlinear Complementarity Prob-
lem (NCP) [6] derived from the dual problem of forward dy-
namics, i.e. the resolution of constraint reactions, and posited
as a Nonlinear Second-Order Cone Program (NSOCP) [7].

Our evaluation consists of a benchmark suite of systems
of varying complexity that range from primitive toy prob-
lems to full-scale robotic and Audio-Animatronic® systems.
Moreover, we also evaluate techniques such such as constraint
relaxation and proximal optimization in order to deal with
the aforementioned types of ill-conditioning. Our comparisons
are performed using set of performance metrics based on first
principles as well as practical considerations, that summarily
speaking, cover physical plausibility, accuracy, speed and
robustness in as fair terms as possible.

As done in previous work [8], [9], [10], we employ a
maximal-coordinate formulation of Constrained Rigid-Body
Dynamics (CRBD). In contrast to using minimal-coordinates,
this results in expressing kinematic constraints explicitly
and makes it very straight-forward to model systems with
kinematic loops and passive joints. In addition, it facilitates a
versatile parameterization of the system kinematics that can
support both unary and binary joints over a very extensive set
of mechanically feasible joint types. Conversely, a potentially
more computationally efficient approach could be presented
in combining minimal-coordinates with constraints, i.e.
Constrained Articulated-Body Dynamics (CABD) [11], [12],
[13], [14], [15]. However, as the scope of this study lies
mainly in comparing algorithms specialized for dynamics
problems, using CRBD instead of CABD serves merely as
a benchmark to better highlight differences between solvers.
We assert that if a method can be made to work effectively in
the more challenging case of CRBD, then employing CABD
can only serve to further simplify the problem by reducing
its overall dimensionality.

Contributions: This work thus makes the following con-
tributions within the context of robotics and control:

1) We provide an extensive survey of the current state-of-
the-art in physical simulation of rigid-body systems and

evaluate the reproducibility of highly-cited works.
2) We define a suite of benchmark problems and per-

formance metrics that can be used to systematically
evaluate the relative performance of forward dynamics
solvers. The suite consists of a set of problems that are
relevant and meaningful within the context of robotics
but have applicability to even broader classes of systems.

3) We present an extensive evaluation of relevant algo-
rithms on the aforementioned benchmark suite and
describe practical recommendations on using them to
realize physics simulators for constrained systems.

II. CONSTRAINED RIGID-BODY MECHANICS

This section provides an overview of the mechanics of
constrained rigid-body systems, and outlines the problems that
arise within the context of physical simulation. The process of
physical simulation itself, is most often viewed as solving a
single high-level problem, comprised of three constituent sub-
problems, namely: Event Detection (ED), Forward Dynamics
(FD), and Time Integration (TI). Indeed, this decomposition
is ubiquitous across all known physics engines [16], [17]. The
first essentially corresponds to Collision Detection (CD), but
can be viewed in the general sense of detecting events where
the set of active constraints changes. In this way we can also
incorporate detection of active joint limits, and possibly other
elements that are evaluated at configuration-level. However,
this work does not cover CD methods themselves. We recom-
mend interested readers to consider [18], [19], [20], [21] for
more details on the topic of CD. The FD and TI sub-problems
are described in the next section.

A. Forward Dynamics

The forward dynamics problem is one of evaluating how the
motion of the system will evolve at a certain time t 2 R given
its state. Broadly speaking, assuming the set of constraints is
immutable, and for a given choice of generalized coordinates
s := s(t) 2 Rns and generalized velocities u := u(t) 2 Rnu

with ns � nu, the FD problem can be stated generically as:

Find _u 2 Rnu ; _s 2 Rns s.t. :

_s = H(s) u (1a)

M(s) _u = h(s;u) + J(s)T � (1b)

f(s;u) = 0 (1c)

K∗ 3 g(s;u) ? � 2 K : (1d)

H(s) 2 Rns×nu is a matrix mapping generalized velocities
to the time-derivative of the generalized coordinates. Such a
mapping is often necessary for floating-base systems, where
_s 6= u due to the parameterization of rotations, e.g. quater-
nions, Euler angles, etc. M(s) 2 Snu

++ is the generalized
mass matrix, where Snu

++ denotes the set of n � n symmetric
positive-definite (SPD)2 matrices. h(s;u) 2 Rnu is the vector

2When s is defined with either minimal (independent) coordinates or
maximal coordinates then M(s) is always SPD. However, if the coordinates
of s are dependent or redundant, then it is possible for M(s) to be singular,
and thus positive semi-definite. See [22] for a detailed analysis on the matter.
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of non-linear generalized force terms, which, can include
gravity, Coriolis, centrifugal, actuation and external effects.
f : Rns � Rnu ! Rne andg : Rns � Rnu ! Rni are respectively
the set of equality and inequality constraints in implicit form.
J(s) 2 Rnd� nu is the constraint Jacobian3 matrix, where
nd = ne + ni . � 2 K � Rnd is the vector of Lagrange
multipliers corresponding to constraint forces, whereK is a
closed and convex cone andK � denotes its dual.

Fundamentally, (1a-b) form a system of Differential Alge-
braic Equations (DAE). However, since� 2 K is bound by
set-valued force laws [23] (e.g. unilateral contact and Coulomb
friction), the system becomes a Differential Inclusion (DI).
Thus, (1) overall is a Variational Inequality (VI) [6], that due
to the feasible set being acone, forms a Complementarity
Problem (CP). Lastly, due to the structure of the complemen-
tarity constraints (1d), which in general may be nonlinear, the
FD problem (1) is therefore an NCP.

B. Impulsive Dynamics

One of the primary dif�culties in modeling the contact
dynamics of rigid bodies is that impacts and friction induce
instantaneous changes tou(t) and _u(t) as well as to the set of
active constraints. The discontinuity of the former thus impacts
their integrability, as they cease to be continuous functions in
t. In order to deal with this non-smoothness, we can employ
techniques fromnon-smooth dynamics[23], [24]. Speci�cally,
differential measures[25] provide a means to decompose the
velocity differential into smooth and impulsive terms as

du = _u(t) dt + ( u+ � u � ) d� ; (2)

where _u(t) is the smooth acceleration andu � ; u+ are the
pre- and post-event impulsive velocities, respectively. The
key ingredient in this model is the impulsive differential
d� . Assuming np 2 N� 0 impulsive events occur at times
ti 2 [t0; t] 8 i 2 f 1; : : : ; npg, the set of discrete impulsive
events can be denoted asIp =

S np

i=1 f tig. Then,d� represents
a �nite sum of so-calledDirac point measuresover t 2 R:

d� :=
X

ti2 Ip

d� ti ;
Z t

t0
d� ti =

(
1; ti 2 [t0; t]
0 ; ti 62[t0; t]

; (3)

thus allowing the time-integration of the impulsive velocity as
Z t

t0

�
u+ (� ) � u � (� )

�
d� =

X

ti2 Ip

�
u+ (ti) � u � (ti)

�
: (4)

Equivalently, the differential measure over generalized forces

dp = w s dt + wnsd� ; (5)

is often referred to aspercussion, wherew s; wns correspond to
the smooth and non-smooth (i.e. impulsive) generalized forces,

3With the given form for f (s; u ) and g(s; u ), J (s) =
h

@f
@u

@g
@u

i
.

Alternatively, if the constraints were formed at con�guration level, i.e. were
in the form off (s) andg(s), ands did not employ reduced parameterizations
of rotation, then the Jacobian would be de�ned asJ (s) =

h
@f
@s

@g
@s

i
.

respectively. Thus, (2) and (5) enable the decomposition of the
system dynamics into respective smooth and impulsive parts

M (s) _u dt = h(s; u) dt + Js(s)T � s dt ; (6a)

M (s)
�
u+ � u � �

d� = Jns(s)T � nsd� ; (6b)

wherew s = Js(s)T � s andwns = Jns(s)T � ns are necessarily
distinct as the set of active constraints may differ between the
continuous dynamics and those at the instants of discontinu-
ity. Moreover, while � s represent forces,� ns now represent
impulses. Herein we refer to both asconstraint reactions.

Therefore, whenever an impulsive event occurs at some
time ti , the FD problem (1) must be rephrased to employ (6b)
in-place of (6a). This leads to the impulsive FD problem

Find u+ 2 Rnu ; _s 2 Rns s.t. :

_s = H (s) u+ (7a)

M (s)
�
u+ � u � �

= J(s)T � (7b)

f (s; u � ; u+ ) = 0 (7c)

K � 3 g(s; u � ; u+ ) ? � 2 K ; (7d)

where all time-dependent con�guration-level quantities are
evaluated at timeti , e.g. s := s(ti), while the pre-event
generalized velocityu � = u � (ti) is corresponds to the lower
limit value lim � ! 0 u(ti � � ) resulting from the time-integration
of the smooth dynamics (1). Crucially, (7) can be understood
as a boundary-value problem w.r.t time, as it is only admissible
at the discrete atomic time-pointsti . Overall, the impulsive FD
problem (7), like its smooth counterpart (1), is also a NCP,
but one that now yields the system's generalized velocities
directly, instead of the generalized accelerations.

Fig. 1. A visual depiction of the non-smooth initial-value problem (8) using
the example of a rigid sphere rolling-off of one plane and then bouncing
on another. When the sphere drops the �rst plane, the impact would result
in a contact that is initially open, then closes momentarily and opens once
again. Although the position and orientation of the sphere would remain
continuous functions of time, the linear and angular velocities would change
instantaneously in order to satisfy the contact constraints. This means that
the velocities are in effect not continuous, and nor are the positions and
orientations smooth functions of time. Therefore, the sphere's trajectory
consists of the piece-wise smooth segments (violet lines) and atomic pointsS

i ti at the moments of impact (gray nodes). The former is determined by the
smooth dynamics represented by the acceleration-level NCPs; t of (1), while
the latter de�ned at each instanceti is determined by the impulsive NCPns;ti
of (7). Direct time-integration is intractable analytically thus necessitating the
application of time-discretization to approximate the integral in (8c).
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C. Time Integration

Given means to evaluate the forward dynamics of the
constrained rigid-body system, pointwise for any timet, simu-
lation amounts to time-integrating the former over some �nite
time intervalI = [ t0; tf ]. This corresponds to solving anInitial
Value Problem(IVP) in the form of

For t 2 I := [ t0; tf ]; andIp :=
np[

i=1

f tig � I

With x(t) :=
�

s(t)
u(t)

�
(8a)

Find x(t) ; s.t.

x(t0) = x0 (8b)

x(t) = x0 +

2

6
6
6
4

Z t

t0
H (s(� )) u(� ) d�

X

ti2 Ip

�
u+ (ti) � u � (ti)

�
+

Z t

t0

_u(t) d�

3

7
7
7
5

(8c)

NCPns;ti (7)

8
>>><

>>>:

M (u+ (ti) � u � (ti)) = JT
ns � ns

fns(s(ti); u+ (ti)) = 0

K �
ns 3 gns(s(ti); u+ (ti)) ? � ns 2 K ns

(8d)

(8e)

(8f)

NCPs;t (1)

8
>>><

>>>:

M _u(t) = h + JT
s � s

fs(s(t); u(t); _u(t)) = 0

K �
s 3 gs(s(t); u(t); _u(t)) ? � s 2 K s

(8g)

(8h)

(8i)

Fig. 1 provides a visual reference for understanding the
structure of the IVP (8). Essentially, it involves three distinct
sub-problems. The �rst and second, we recognize to be the
aforedescribed FD problems NCPns;ti (7) and NCPs;t (1), which
yield _u(� ) andu+ (ti) pointwise for anyt andti , respectively,
and the third corresponds to evaluating the time-integrals
in (8c). However, as the NCPns;ti and NCPs;t can only be
evaluated pointwise, they cannot be solved in closed-form to
yield _u(� ) and u(t) as integrable functions. Therefore, the
IVP (8) is analytically intractable in general, and solving it
necessitates the use of time-discretization and the application
of numerical techniques.

III. PROBLEM FORMULATION

This section outlines the derivation of a computationally
tractable approximation of the IVP (8) summarized previously.
Speci�cally, we describe the set of approximations, w.r.t time-
discretization, that are required to transcribe the integration
and NCP sub-problems, and introduce a reduced form of the
latter that is amenable to numerical optimization techniques.

A. Time Discretization

In order to render the IVP (8) tractable, appropriate time-
discretization and time-integration schemes are required.

Among the most widely adopted are the so-calledtime-
stepping methods[25], [26]. These progress the state over
series of pre-determined time-intervals and evaluate the system
dynamics only on impulse-velocity level. In doing so, every
simulation step is able to handle all types of impulsive events
in a uni�ed fashion. They are also able to resolve phenomena
such as Painlev́e's paradox [27] that occur when evaluating
the dynamics at force-acceleration level.

Assuming a �xed time-step� t 2 R� 0, and considering
all impulsive events occurring within the closed interval
[t0; t0 + � t] to happen simultaneously, the smooth and im-
pulsive dynamics of (6) can be combined as

M
�
u+ � u � �

= � t h + JT � ; (9)

and the IVP over a single-step interval[t0; t0 + � t] becomes

For t 2 I := [ t0; t0 + � t]

Find x(t0 + � t) ; s.t.

x(t0) = x0 (10a)

x(t0 + � t) =
�
s(t0) � H (s(t0)) u+ (t0 + � t)

u+ (t0 + � t)

�
(10b)

NCP� t

8
>>><

>>>:

M (u+ � u � ) = � t h + JT �

f (s; u+ ) = 0

K � 3 g(s; u+ ) ? � 2 K ;

(10c)

(10d)

(10e)

where the� denotes the addition operator speci�c to the
parameterization of rotations used to de�nes. In this work
we make use of theexponential mapto compute integrals of
orientation as the concatenation of rotation operators [28].

Thus the single-step IVP (10) formulated over the interval
[t0; t0 + � t], amounts to solving a single NCP to yield the
generalized velocitiesu(t0 + � t) and then forward integrating
to render the next-step generalized coordinatess(t0+� t). This
integration scheme is often referred to as thesemi-implicit
Euler method, as velocities are computed implicitly via the
NCP, while generalized positions are integrated explicitly.

Although in this work we only consider the �rst-order for-
ward integration of the generalized coordinates, higher-order
integration methods such as Runge-Kutta can be conceived,
that would solve the NCP at multiple internal steps to render
more accurate, and possibly more stable state integrators.
Furthermore, another integration method commonly used in
non-smooth mechanics formulations is the mid-point time-
stepping scheme of J.J. Moreau [25]. It is similar to the semi-
implicit Euler method, except that all intermediate quantities,
including event detection, are evaluated from the state at the
middle of the time-step computed using backward Euler.

B. The Dual Problem

A common strategy for solving the NCP sub-problem (10c),
is by taking an alternative view that rewrites the problem
in terms of the constraint reactions� . Generally speaking,
this alternative formulation can be referred to as thedual
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problem of forward dynamics. Doing so, the FD problem
can be solved by simple back-substitution to the respective
equations of motion (9), to yieldu+ . Although a multitude of
approaches exist for deriving the dual problem, we consider
the most principled to be that which employsGauss' principle
of duality and theextended principle of least constraint[29],
[23]. At this stage, we will only outline the formulation of the
dual FD problem, while its construction will be detailed in
Sec. V, and a complete derivation is provided in Appendix. B.

Projecting (10c) to thespace of the constraints, the dynam-
ics of the system are summarized by the following quantities:

1) the inverse apparent inertia, a.k.a theDelassusmatrix

D := JT M � 1 J (11)

2) the unconstrained, a.k.a free, velocity

v f := J
�
u � + � t M � 1h

�
+ v � (12)

3) post-event constraint velocity

v + (� ) := D � + v f (13)

4) augmented post-event constraint velocity

v̂ (� ) := v + (� ) + � (v + (� )) (14)

where v � is an auxiliary bias term that allows us to intro-
duce additional elements such as a model of impacts and
constraint stabilization, and� (v + (� )) is the non-linear De
Saxće correction [30], [31]. The latter is an operator over the
post-event constraint velocity and is the principle source of
non-linearity in the problem, as detailed in Sec. IV-D. Thus,
the NCP formulated for the dual FD is stated, rather concisely,
as

NCP(D ; v f ; K) :

Find � ; s.t. K � 3 v̂ (� ) ? � 2 K : (15)

Furthermore, (13)-(15) correspond to the KKT conditions
of a Nonlinear Second-Order Cone Program (NSOCP). This
perspective motivates the application of relevant techniques
which can be used to solve the NCP via the transcription

NSOCP(D ; v f ; K) :

Find � = argmin
x 2K

1
2

xT D x + xT �
v f + � (v + (x))

�
(16)

Carpentier et al provided a coarse proof of the equivalence
between the NCP and the NSOCP in [32], and it has also
been outlined in other works such as [7]. Given this context,
we herein identify the constraint reactions� and the constraint
velocitiesv + as the primal and dual variables, respectively, of
the dual FD problem. We will also �nd it useful to decompose
the objective function of (16) into the individual terms

f (x) :=
1
2

xT D x + xT v f ; (17a)

fDS(x) := xT � (v + (x)) ; (17b)

fNCP(x) := f (x) + fDS(x) : (17c)

The total NSOCP objective (17c) thus consists of the purely

quadratic objective (17a) as well as the non-linear De Saxcé
term (17b). This decomposition will enable a relaxation of the
problem that will be discussed next.

C. Problem Relaxations

Observing the decomposition of the NSOCP objective function
de�ned in (17), we may consider the case where the non-linear
term (17a) is omitted. Doing so turns out to be equivalent to
approximating the original problem with a Cone Complemen-
tarity Problem (CCP) in the form of

CCP(D ; v f ; K) :

Find � ; s.t. K � 3 v + (� ) ? � 2 K : (18)

The primary effect of this relaxation is that complementarity
is now asserted directly between the constraint velocities and
the constraint reactions. Equivalently, a transcription of (18)
as an optimization problem results in a convex Second-Order
Cone Program (SOCP) which can be stated concisely as

SOCP(D ; v f ; K) :

Find � = argmin
x 2K

1
2

xT D x + xT v f (19)

This alternate formulation of the FD problem can be traced
back to the work of Redon et al in [33], Anitescu et al
in [34], and Drumwright et al in [35], although not stated as
concisely as in the now established form of (19). Undoubtedly,
the CCP approach as we know it today, has mainly been
popularized by the work of Todorov in [36] in developing the
MuJoCo simulator [37]. More information on the CCP and its
implications can be found in [12], [17], [38].

However, the CCP formulation as been the source of signi�-
cant debate among researchers, as discussed in [39], [35]. Due
to the mathematical rigor by which the NCP is derived from
VI theory, the CCP is widely thought to be an approximation
that results in undesirable artifacts such as forces acting at
a distance [34], [40], [38]. Conversely, Chaterjee [39] and
Drumwright [35], as well as the authors of MuJoCo [41],
note that NCP complementarity does not necessarily agree
with physical experiments, as the rigid-body model is also
fundamentally an approximation of real physical bodies. In
any case, the CCP model has proven to be a useful mechanism
to realize physics engines with impressive throughput and
versatility, such as MuJoCo and project Chrono [42], [43].

D. First-Order Dual Solvers

Broadly speaking, the vast majority of algorithms used in
the various popular physics engines and simulators, are�rst-
order methods and follow a common pattern. To outline
their commonalities, we can coarsely �t them to the template
de�ned in Alg. 1 that presents a generic form of �rst-order
algorithm for solving the dual problem. From a high-level
perspective, the major common components of these include:

� D ; v f ; K: de�nition of the dual problem
� f BLAS(�): operator to represent the linear system solver4

4BLAS: Basic Linear Algebra Subprograms
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Algorithm 1 Generic First-Order Dual Solver

Require: � 0; D ; v f ; K; f BLAS(�) PK (�); f stop(�)
for i = 1 to N do

si  � (v + (� i� 1)) . estimate nonlinearity
v̂ i  D � i� 1 + v f + si . compute gradient
� i

0  f BLAS(D ; � v̂ i) . perform descent step
� i  P K (� i

0) . project to feasible set
� �  f stop(�

i) . check termination criteria
end for
return � �

� PK (�): operator to project iterates to the feasible setK
� f stop(�): operator to represent thetermination criteria
� � 0: (optional) initial guess towarmstartthe solution

The generic BLAS operatorf BLAS(�) expresses the method
used to approximately perform the inversion of the Delassus
matrix D . It often is the case that this is not realized in a
literal sense, but rather, it represents a factorization ofD , e.g.
Cholesky or LU decompositions, that facilitate computing an
unconstrained solution� i

0 at each iteration.

In every iteration, the projection operatorPK (�), a.k.a
projector, projects the unconstrained solution� i

0 onto the
feasible setK, yielding a solution iterate� i that is feasible
according toK. Such an operation is common in optimization
algorithms that deal with inequality constraints. It therefore
attempts to ensure that each iterate� i+1 , and therefore also
the �nal solution � � , satisfy the inequalities as well as other
conditions that de�neK. PK (�) is often one of the most
important components of algorithms that follow the template
of Alg. 1. As we will see in Sec. VI-C, choosing how to realize
it depends on the contact model used, and thus plays a crucial
role in solving the dual problem (15) or (18).

Each algorithm necessarily de�nes its own specialized ter-
mination operatorf stop(�) that is closely tied to the numerical
scheme used. Common elements among various dual solvers
include the use of absolute and/or relative numerical error
between sequential solution iterates. But it does not, and
sometimes cannot, be based solely on such criteria. In addition,
algorithms must also check for constraint satisfaction, i.e.
whether solution iterates lie within the feasible set, and by
how much they violate the respective constraints. This ensures
that solvers will converge only when both the numerical error
as well as constraint violation are within desired bounds.

Lastly, the use of an initial guess� 0 is a common trait of
many ef�cient numeric solvers. In most cases it signi�cantly
speeds up convergence to a solution, however, choosing how to
construct one can prove challenging [44], [45], [38]. If the con-
tact con�guration has not changed, i.e. the dimensionality of
the constraint forces is the same, the most common approach
is to use the solution of the previous time-step. Otherwise,
initialization to zero is necessary, and is the default behavior
when � 0 is unspeci�ed. A more robust approach would be
to compute a constraint-invariant initial guess based on the
current state of the system [44], [45].

Fig. 2. Free-body diagram of a simple constrained system with: (1)nb = 2
rigid bodiesB1 and B2 , (2) nj = 1 joints J 1 with revolute constraints, and
(3) nc = 2 contactsC1 andC2 between the bodies and the ground.

IV. M ODELING CONSTRAINED SYSTEMS

Until this point we have been able to state the FD problem
in rather generic terms, without being speci�c about what is
involved in the transcription of the NCP (15). This section
introduces the elements of physical modeling that will provide
the foundation from which we will later build the NCP
concretely in Sec. V. Speci�cally, we will detail the maximal-
coordinate CRBD formulation and the modeling of constraints,
i.e. joints, limits and contacts.

For this purpose, we introduce some additional notation to
denote theindex setsof the system's DoFs and constraints [23].
Consider a constrained rigid-body system, such as the one
depicted in Fig. 2. It can be de�ned as the collection of
bodiesBi ; i 2 f 1; : : : ; nbg, joints J j ; j 2 f 1; : : : ; njg, limits
L l ; l 2 f 1; : : : ; nlg and contactsCk ; k 2 f 1; : : : ; ncg. The
symbols Bi , J j , L l , Ck are used to refer abstractly to each
element; implying its dimensionality, associated quantities,
and relevant local coordinate frames.

Moreover, to remove ambiguity from representing quantities
in different Cartesian frames of reference we will employ
the following conventions: Global coordinates are de�ned
in the world frameW. Given two local reference frames
A and B, moving w.r.t W, the local relative position ofB
w.r.t A expressed inB is denoted asBr AB, and the relative
orientation from B to A as R AB. For absolute quantities,
i.e. those expressed in global coordinates, theW subscript
is omitted for brevity, e.g.Wr WA � r A and R WA � R A.
Thus, Cartesian coordinate transformations are expressed
in the formr B = r A+ r AB = r A+ R A Ar AB = r A+ R A R AB Br AB.

A. Rigid Bodies

Each rigid bodyBi , using a body-�xed coordinate frame lo-
cated at its respective Center-of-Mass (CoM), is parameterized
by the following collection of intrinsic and extrinsic properties:

� massmi

� moment-of-inertiai I i

� surface geometryGB;i

� CoM positionr i 2 R3

� CoM orientationR i 2 SO(3)
� CoM linear velocityv i 2 R3
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� CoM angular velocity! i 2 R3

Each body is intrinsically characterized by its inertial and
geometric properties. The former comprise its massmi and
moment-of-inertiai I i expressed in local body-�xed coordi-
nates. The latter is represented by the parameterized setGB;i

5

containing all points belonging to its exterior surface geometry.
The body's extrinsic property is its mutable state, compris-

ing its Cartesian pose and twist de�ned by the aforementioned
CoM-centric propertiesr i ; R i ; v i ; ! i . In addition, we may
option for a more concise parameterization of the body's ori-
entation such as quaternions. Speci�cally, using Hamiltonian
unit quaternionsq i 2 H, we can express the rotation matrix as
R i = R (q i). This choice does not affect the derivation of the
dynamics in later sections; it only impacts the representation
of con�guration-dependent and con�guration-level constraints.
The pose and twist vectors ofBi are respectively de�ned as

si =
�

r i

q i

�
2 S; u i =

�
v i

! i

�
2 R6 ; (20)

where the compound setS := R3 � H is constructed using the
Cartesian product6 of the sets of positions and quaternions.S
in this case is merely a quaternion-based parameterization of
Cartesian poses, which, are technically elements ofSE(3).

B. Joints

Each joint J j introduces a set of bilateral (i.e. equality)
constraints that restricts the motion of the bodies it acts upon.
These can either take the form of unary constraints acting on
a single body, anchoring it to the world, or binary constraints
coupling the motion between a body pair. By convention, we
designate baseBj and followerFj coordinate frames for each
J j . For unary jointsBj � W and Fj is coincident with the
body-�xed frame of the body. For binary joints, bothBj and
Fj are coincident with the body-�xed CoM frames of the
corresponding bodies. With the aforementioned conventions,
a universal parameterization of joints consists of the:

� relative position w.r.t the base bodyBxBj 2 R3

� relative position w.r.t the follower bodyFxFj 2 R3

� frame axesX j 2 SO(3)
� selection matrixSj 2 R6� 6

� constraint dimensionsmj 2 [1; 6] � N+

� DoF dimensionsdj = 6 � mj

� position r j 2 R3

� coordinate frameR j 2 SO(3)
� generalized con�gurationq j 2 Rdj

In a maximal-coordinate setting, the intrinsic parameters of a
joint are the constraint dimensionsmj , the relative positions
BxBj; BxBj, the frame axesX j , and the selection matrixSj . mj

is effectively the number of constraint equations introduced,
and together with theX j andSj determine the kinematic DoFs

5Parametric geometry sets can take the form of primitive geometric shapes
such as boxes, spheres etc, which are parameterized by their respective
constants (width, height, length and radius, respectively), or more explicit
forms such as triangle-based meshes which are collections of vertices.

6A Cartesian product of two setsA andB, is de�ned as the set of all ordered
pairs formed from their elements, i.e.A � B := f (a; b) j a 2 A; b 2 Bg.
Effectively A� B is a mechanism through which we can construct compound
sets/spaces over multiple scalar �elds, vector spaces etc.

it encodes, i.e. prismatic, revolute, spherical, etc. All of the
aforementioned quantities are essentially constants that fully
specify its parameterization. Thus, all other quantities such
as the absolute positionr j , orientationR j , and generalized
con�guration q j are derived from the joint's parameters and
the con�gurations of the associated bodies.

According to its kinematic type, each joint introduces a set
of mj con�guration-level implicit equations in the form of

f j(sBj ; sFj ) = 0 ; (21)

wheref j : S� S ! Rmj , andsBj ; sFj are the poses of the base
and follower bodies, respectively. It will be necessary to also
express the constraints at velocity-level in Pfaf�an form as

_f j(sBj ; sFj ; uBj ; uFj ) = 0 : (22)

Taking the �rst-order derivative w.r.t time of (21) is referred
to asindex reductionin the context of DAEs [46], and allows
us to express the constraints as functions of the body twists.
Moreover, (22) also admits an interpretation that is funda-
mental to formulating constrained dynamics: it de�nes the
so-calledconstraint-space velocitiesv j = _f j(sBj ; sFj ; uBj ; uFj ),
which are closely related to the concept ofvirtual displace-
ments[47].

The constraints are enforced by corresponding generalized
forces that are represented by a vector of Lagrange multipliers
� j 2 Rmj that, according to the principle of d'Alembert, should
conserve the energy of the system. The generalized forces
acting along the DoFs of the joint are de�ned as the vector
� j 2 Rdj . Crucially, both� j and� j are quantities de�ned in the
local coordinates of the joint frame de�ned byR j . However,
in order to de�ne the dynamics of a joint, we need to express
the forces and torques, i.e.wrenches, enacted upon the bodies.
This is the principle function of the selection matrixSj and
the frame axesX j . Speci�cally, the former maps the constraint
and actuation generalized force vectors to 6D wrenches as

jw j = Sj

�
� j

� j

�
=

�
Sc;j Sa;j

�
�
� j

� j

�
; (23)

Sc;j 2 R6� mj and Sa;j 2 R6� dj are the component selection
matrices that respectively map the generalized forces along
the constraint and DoF dimensions. If the joint is passive then
� j is always zero,Sj � Sc;j and (23) effectively reduces to

jw j = Sj � j : (24)

The base-follow convention de�nes the joint wrench as acting
on the followerFj by the baseBj at positionr j . To compute
the body-wise wrenches about their respective CoMs we must
�rst retrieve the joint wrench, acting atr j and expressed in
world coordinates, using the joint's axes and frame matrices:

w j = �R j
�X j j w j : (25)

Finally, in order to express the wrench effected upon each
body, screw transformation matrices must be applied. These
are quantities that transform 6D wrenches and twists from one
point and frame of application to another. In the context of
this work, we only need to consider screw transformations of
wrenches, so that we can express the effect of joint wrenchw j



8

when acting on bodyBi , that may correspond to the baseBj

or follower Fj . Referring to this wrench asw i;j , and denoting
the skew-symmetric operator as[�]� , we can express it as

w i;j = W i;j(r j ; r i) w j (26a)

W i;j(r j ; r i) =
�

I3 03

[r i � r j ]� I3

�
: (26b)

C. Limits

Each joint limit L l introduces an additional unilateral con-
straint that is de�ned by the kinematic limits of the associated
joint J j , that may represent mechanical end-stops or other
restrictions to the motion along the admissible DoFs. Each
L l is thus explicitly dependent on the parameterization of the
correspondingJ j , but in addition requires the speci�cation of:

� the DoF selection vectorsl 2 R6

� the DoF con�gurationql 2 R
� the minimum DoF limitqmin

l 2 R
� the maximum DoF limitqmax

l 2 R
Fundamentally, each joint with prescribed con�guration

limits de�nes a set implicit inequalities in the form of

gj(sBj ; sFj ) � 0 ; (27)

where gj : S � S ! Rmj; l and mj;l � 2dj , because they
may be imposed on either lower and/or upper orthant of each
joint DoF. However, only one side may ever be active at
any point in time, so the dimensionality of limit constraints
effectively reduces tomj;l � dj . To understand why we must
consider how limits can become active in the �rst place.
Given the instantaneous joint DoF con�gurationq j 2 Rmj and
lower/upper DoF limits denoted asqmin

j ; qmax
j 2 Rmj , we can

de�ne the respectivejoint-limit gap functions

gmin
j (q j) = q j � qmin

j (28a)

gmax
j (q j) = qmax

j � q j : (28b)

If either gmin
j;i (qj;i) � 0 or gmax

j;i (qj;i) � 0, then the lower,
or respectively upper, limit of the joint has been reached and
thus the corresponding limit constraint becomes active. Thus
for every joint DoF coordinatei 2 [1; dj ] of J j where a limit
is active, a single limit entityL l is de�ned with ql := qj;i ,
qmin

l := qmin
j;i andqmax

l := qmax
j;i . Moreover, employing an index

mapping in the form ofgmin
l (ql) := gmin

j;i (qj;i) and gmax
l (ql) :=

gmax
j;i (qj;i), we can de�ne the unilateral constraint introduced

by eachL l as the implicit inequality

gl(ql) :=

(
gmin

l (ql) ; gmin
l (ql) � gmax

l (ql)
gmax

l (ql) ; gmax
l (ql) � gmin

l (ql)
: (29)

Note that (29) does not actually express a piecewise continuous
function, rather it just expresses the fact that the constraint
corresponds to the gap function of only one of the lower/upper
limits at any point in time.

The corresponding constraint reaction ofL l is represented
by the Lagrange multiplier� l � 0, and together with (29),
de�ne the complementarity conditions

gl(ql) � 0 ? � l � 0 : (30)

By slightly abusing notation, we can denote the constraint-
space velocity ofL l as vl( _ql) := _fl(sBj ; sFj ; uBj ; uFj ), which
enables us to express the velocity-level formulation of (30) as

vl( _ql) � 0 ? � l � 0 : (31)

Lastly, we must express the wrenches enacting on the bodies
associated withL l . Fortunately, this works out to be excep-
tionally straightforward sinceL l is by de�nition acting along
only a single DoF of the corresponding jointJ j . Invoking once
more the index remapping used to de�neql , the DoF selection
vector of eachL l is exactly thei-th column of the joint's DoF
selection matrixSa;j , i.e.sl := ( Sj;a) i . Thus the wrench applied
by an active joint limit, acting at and about the joint position
r j and expressed in world coordinates, is

w l = R j X j sl � l ; (32)

D. Contacts

Each discrete contactCk, introduces a set of unilateral (i.e.
inequality) constraints that act to simultaneously: (a) prevent
inter-penetration between it's associated bodies when they
collide, and (b) de�ne the material interactions between them
in the form of friction andrestitution. Contact constraints are
therefore more complicated than joints and limits, as they act
on both the kinematics and dynamics of the system in a way
that depends on the material properties of the bodies; not just
their geometry and inertial properties. Similarly to joints, they
may also be unary or binary, depending on whether a collision
occurs between a body and the world or between bodies. Like
limits, they introduce set-valued force laws, i.e. constraints on
the contact reactions themselves.

In order to specify the constraints contributed by each
contact elementCk, let's �rst de�ne the intrinsic quantities
that parameterize it. Namely, these are the:

� position r c;k 2 R3

� normal vectornc;k 2 R3; knc;kk2 = 1
� gap distancedc;k 2 R
� coef�cient of friction � k 2 R+

� coef�cient of restitution� k 2 [0; 1]

These quantities are thus the minimal amount of information
required to de�ne a model of contacts and their corresponding
constraint sets. We will now detail how we can de�ne these
constraints precisely and the physical phenomena that they
model, so that we can incorporate them into our CRBD model.

Collisions: Although often used synonymously,collisions
and contactscorrespond to different aspects of the interac-
tions between bodies. For real physical bodies, each colli-
sion de�nes a continuum of body contact distributed over
potentially multiple surfaces. However, for simulating multi-
body systems, and especially those with rigid bodies, the most
straight-forward way to model such interactions is usingdis-
crete contacts, i.e. geometrically discretizing these surfaces as
collections of points. Therefore, a collision occurring between
a pair of bodies, characterizes the geometry of the interaction,
and is the progenitor of the set of discrete contacts that we use
to represent it. If the colliding bodies have convex geometries,
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Fig. 3. Binary collisions between bodiesAk andBk for arbitrary contact with
index k. In all con�gurations, the gap-function (33) can be used to compute
the signed distancedc;k n c;k (black arrows) ofBk w.r.t. Ak, wheren c;k is the
normal vector (blue arrows) w.r.t the plane that is tangent to the two contacting
points of the bodies. ChoosingAk as the reference body is a merely a matter
of convention. Whendc;k > 0 (case (a)), then there is no interpenetration,
and the distance is interpreted as the distance between the nearest points
between the bodies. Conversely, whendc;k � 0 (case (b)), interpenetration
occurs, anddc;k becomes the penetration depth measured between the most
interpenetrating points.

then a single contact can represent the collision, otherwise
multiple may be required. Moreover, particularly challenging
yet important, are the cases of multiple co-planar contacts,
e.g. a box on a plane, as the geometry is indeed convex,
yet multiple contacts are required to represent the interaction.
Within this context, we will describe how collisions between
bodies de�ne the geometric properties of contacts.

A crucial aspect of de�ning the contact positionr c;k is
that it does not necessarily coincide with the exact position
on each body where the collision occurs. Consider the case
depicted in Fig.3b, where the two (convex) bodiesAk andBk

are interpenetrating. If we de�ne the contact normal to lie
along the line connecting the inner-most penetrating points
on the bodies, then the contact should be de�ned using both
points. Instead, we arbitrarily designate one of these asthe
contact positionr c;k := r A;k and determine the location of the
other using the surface normalnc;k and penetration depthdc;k

asr B;k = r c;k + dc;k nc;k. The relative position between bodies
Ak andBk is used to de�ne the so-calledgap function

gk(r A;k; r B;k) = r B;k � r A;k = dc;k nc;k (33)

of each contact, wheregk : R3 � R3 ! R3. Essentially,
the relative position expressed via (33) corresponds to
a vector-valued signed-distance function, and de�nes the
con�guration-level constraint function ofCk.

Contact Modes: Noting how the penetration depthdc;k

can take zero, positive and negative values, we can use this
to de�ne the so-calledcontact mode mk, a discrete valued
scalar that summarizes the state ofCk. When dc;k > 0,
we de�ne the contact to beopen (mk = Open) anddc;k is
interpreted to be the minimum Euclidean distance between
the two bodies. Conversely, whendc;k � 0 the contact is

de�ned as closed (mk = Stick _ Slip) and dc;k becomes
the penetration depth. Therefore, for convex geometries,
r A;k; r B;k are either the nearest points between the two
bodies or the most-penetrating, respectively, and are always
functions of the corresponding body posessA;k sB;k. When
the geometries are not convex, or multiple contacts per body
pair are admissible, the situation is slightly more complicated7.

Contact Space: In this work we only consider isotropic 3D
Coulomb-type friction, where the contact constraint reaction
and respective constraint-space velocity are respectively 3D
vectors, i.e.� k, v c;k 2 R3. Although more advanced models
of friction exist, such as those that can also incorporate
torsional effects [48], [41], we consider the simpler case a
suf�cient baseline for the purposes of this evaluation.

Contact Frames: The space in which all contact-related
quantities can most easily be represented is that of a local
contact-speci�c coordinate frame. Employing such a frame
allows for the re-parameterization of the contact reaction� k

into a form that delineates between the normalN and tangent
T components. By applying certain conventions, the normal
vectornc;k, can be used to represent the corresponding tangent
plane as the tangent and orthogonal (i.e. bi-normal) vectors
t c;k; oc;k 2 R3, respectively. The tripletnc;k; t c;k; oc;k thus
enables the construction of a rotation matrixR k 2 SO(3)
to represent the coordinate frame ofCk. This construction is
expressed by the contact-frame functionC : R3 ! SO(3) as

R k = C(nc;k) =:
�
t c;k oc;k nc;k

�
; (34)

In this work we place the normal along the contact-local Z-
axis, and the XY-plane as the tangent space. This results in
parameterizing the contact reaction in local coordinates as

� k :=
�
� T;k

� N;k

�
; � T;k :=

�
� t;k

� o;k

�
; (35)

where� N;k, � t;k, and� o;k are respectively the normal, tangent,
and orthogonal components. Thus� k, and its normal-tangent
decomposition, are expressed in global coordinates as

W� k := R k � k (36a)

W� T;k := R k

�
� T;k

0

�
(36b)

W� N;k := � N;k nc;k : (36c)

Contact Wrench: Similarly to joints, the wrench applied to
contacting bodies is also computed using the screw transfor-
mations described in (26). However, given the aforementioned
assumption that contact reactions contain only linear 3D terms,
only the left block-column of (26b) is needed. Thus, the
contact wrench applied to bodyBi by Ck is therefore

w c;k;i = W c;k;i(r k; r i) W� k (37a)

7However, an easy way to work around this is by realizing that contacts are
de�ned only once they occur (i.e. become closed) in the �rst-place, so then
the consideration ofr A;k; r B;k, only matters locally while the contact persists
and until they open.
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W c;k;i(r k; r i) =
�

I3

[r i � r k]�

�
(37b)

Contact Motion: The duality of twists and wrenches allows
us to also express the linear velocity of the point of contact
on Bi as an af�ne function of the respective body twist in the
form of

Wv c;k;i = W c;k;i(r k; r i)T u i (38)

However, the quantity we are actually interested in is the
relative velocity computed at the point of contactr k, between
the contacting bodiesAk and Bk. Referring to this simply as
the contact velocity, (38)8 is used to de�ne it precisely using
the relations

Wv c;k;A = W c;k;A(r k; r A;k)T uA;k (39a)

Wv c;k;B = W c;k;B(r k; r B;k)T uB;k (39b)

Wv c;k = W v c;k;A � W v c;k;B (39c)

v c;k = R T
k Wv c;k : (39d)

Signorini Conditions: Also known as theunilateral con-
tact hypothesis, the Signorini conditions assert that contact
reactions preventing interpenetration between bodies must act
only while the contact is closed, i.e. when the gap constraint
is active. Using the de�nition of the gap function from (33),
this statement is formalized as the complementarity problem

gc;N;k := nT
c;k gk(r A;k; r B;k) � 0 (40a)

gc;N;k � 0 ? � N;k � 0 : (40b)

However, in order to introduce these complementarity con-
ditions to the formulation of the system dynamics, it is
often necessary to state them at the velocity and acceleration
level, [39], [23]. Denoting the �rst and second derivative of
(40a) w.r.t time as vc;N;k := vc;N;k(sA;k; sB;k; uA;k; uB;k), and
ac;N;k := ac;N;k(sA;k; sB;k; uA;k; uB;k; _uA;k; _uB;k), they become

vc;N;k � 0 ? � N;k � 0 ; (41a)

ac;N;k � 0 ? � N;k � 0 : (41b)

Coulomb Friction: Under the assumption of isotropic dry
friction, both the static and kinetic frictional reactions are

8An alternative derivation can be found, if instead, we form the �rst-order
time-derivative of the gap function (33).

Fig. 4. The Coulomb friction coneK � (a) and the relationships between the
former to its dual coneK �

� and polar coneK o
� (b). As conjugates ofK � , the

dual and polar cones are those whose elements make obtuse angles with each
� 2 K � , i.e. x 2 K �

� ; x T � � 0, andx 2 K o
� ; x T � � 0.

determined by a single friction coef�cient� k. Thus, the two
fundamental assumptions of the Coulomb friction model are:
(a) static friction equaling� k � N;k must be overcome in order
for motion to occur, and (b) kinetic friction takes the form of a
tangential reaction that opposes non-zero contact velocity i.e.

� T;k = � � k � N;k
v c;T;k

kv c;T;kk
; kv c;T;kk > 0 : (42)

These two conditions combined de�ne the set inclusion

� T;k 2 D (� k � N;k) ; (43)

where D(� k � N;k) is a disk of radius� k � N;k. Moreover, the
requirement that contact reaction along the normal direction
is only repulsive can be written as the set inclusion

� N;k 2 R+ : (44)

Fig. 5 depicts theseset-valued force lawsas non-linear func-
tions w.r.t the gap functiongc;N;k and contact velocityv c;k.
Combining (43) and (44) forms the Coulomb friction cone

� k 2 K � k ; (45a)

K � k := f � 2 R3 j k� T;kk2 � � k � N;k ; � N;k � 0g: (45b)

The 3D Coulomb friction coneK � k is a symmetric second-
order cone often referred to as a Lorentz cone [49], whose
aperture is determined by the respective friction coef�cient
� k, i.e. � k = 2 tan� 1(� k). K � k is a closed and convex set
that bounds the corresponding 3D contact reaction to lie both
within and and on its surface boundary@K � k.

An important property of Lorentz cones is that they are
self dual, i.e. they are equal to their conjugate sets. This
property allows us to also de�ne thedual coneof K � as
K �

� k
:= K � � 1

k
and thepolar coneasKo

� k
:= �K �

� k
= �K � � 1

k
.

Their geometric relationships are depicted in Fig. 4. AsK � is
de�ned in the space of contact reactions, the dual and polar
cones are de�ned in the dual space of the contact velocities.

The Disjunctive Model: The Coulomb friction cone model
can be combined with the Signorini conditions to de�ne
the contact modemk in terms of the contact reaction� k

and velocity v c;k. This results in the so-calleddisjunctive

Fig. 5. The set-valued force laws along the normal and tangent directions. The
red segments represent the sets of admissible values that the contact reactions
� N; � T can take while the respective contact velocities are zero. The blue
segments represent the admissible constant values when non-zero velocities
are present in the respective directions.
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formulation of the Signorini-Coulomb model:

mk =

8
><

>:

Open ; vc;N;k > 0 ^ � k = 0
Stick ; kv c;T;kk2 = 0 ^ � k 2 K � k

Slip ; kv c;T;kk2 > 0 ^ � k 2 @K � k

: (46)

The �rst case is trivial, and is equivalent to usinggc;N;k > 0.
The second case corresponds to the friction-cone constraint
to when the contact force lies strictly in the interior of the
cone. The third corresponds to the case where the contact
force lies solely on the boundary@K � k of the cone.

Maximal Dissipation: The Maximum Dissipation Principle
(MDP), most often attributed to J.J. Moreau [50], asserts that
for each active contactCk, the tangential contact reaction must
be maximally dissipative, i.e. it should maximize mechanical
power loss along the tangent plane. For given normal reaction
� N;k 2 R+ and tangential velocityv c;T;k 2 R2, the tangential
contact reaction according to the MDP is the solution to

� T;k = argmax
x

� xT v c;T;k

s.t. kxk2 � � k � N;k
: (47)

The MDP is a formulation of frictional contact as an optimiza-
tion problem that generalizes (42) as it is also applicable to
the case of multiple contacts. It is straight-forward to verify
that in the single-contact case, (42) is in fact maximally
dissipative. The power product would not obtain its maximum
value unless� T;k is colinear and opposite tov c;T;k. Moreover,
(47) is admissible even when� N;k = 0 and/orv c;T;k = 0 , thus
encompassing all contact modes. Furthermore, it motivates the
bi-potential method [30] which can be used derive the general
NCP. Since (42) is maximally dissipative, we can form the
power-loss product to yield

� T
T;k v c;T;k = � � k � N;k kv c;T;kk2 : (48)

By moving all terms to the left-hand side, and trivially adding
the product of normal components, we can form the expression

� N;k vc;N;k + � T
T;k v c;T;k + � k � N;k kv c;T;kk2 = 0 ; (49)

which like the MDP, can be veri�ed to hold in all contact
modes. By introducing theDe Saxće correction operator

� � k(v c;k) :=

2

4
0
0

� k kv c;T;kk2

3

5 ; (50)

and de�ning theaugmented contact velocity

v̂ c;k := v c;k + � � k(v c;T;k) ; (51)

(49) can be restated as the complementarity condition

v̂ c;k 2 K �
� k

? � k 2 K � k ; (52)

where the complementarity now requires thatv̂ c;k lie within
the dual friction coneK �

� k
. This result is of paramount

importance because it demonstrates that (52) must hold in
order for � k to be maximally dissipative, as well as to ensure
that the resulting contact velocity lie solely on the tangential
plane when the contact is closed. The main dif�culty with this

formulation is that it makes the complementarity condition
non-associative, since it is not stated directly in the contact
velocities and reactions.

Newtonian Impacts: To model restitution effects,Newton's
model of impactscan be incorporated in the velocity-level
Signorini conditions (41a). Considering the impact event to
occur instantaneously at timeti , the twists of bodiesAk

and Bk experience a discontinuity that is denoted by their
pre/post-event valuesu � =+

A;k and u � =+
B;k , respectively. Accord-

ing to Newton's model, the pre/post-event contact velocities
v �

c;N;k := v c;N;k(u �
A;k; u �

B;k) and v +
c;N;k := v c;N;k(u+

A;k; u+
B;k)

in the direction of the contact normal are coupled by the
restitution equations

v +
c;N;k = � � k v �

c;N;k ; (53)

with � k being the coef�cient of restitution. In effect, the restitu-
tion equations (53) serve to augment the Signorini conditions
by biasing the contact velocity along the normal direction.
Thus the impact-augmented Newton-Signorini model becomes

0 � v +
c;N;k + � k v �

c;N;k ? � k 2 K � k : (54)

Lastly, combining (54) with (52), we can form the impact-
augmented Newton-Coulomb-Signorini NCP in the form of

v̂ c;k + � k v �
c;N;k 2 K �

� k
? � k 2 K � k : (55)

E. Constrained Rigid-Body Dynamics

With the elements described in the previous sections in hand,
we can now derive Equations-of-Motion (EoM) of the CRBD
formulation in maximal-coordinates. We begin by formulating,
for each bodyBi , the Newton-Eulerequations

M i _u i +
�

� mi g
[! i ]� I i ! i

�
= w total;i ; (56)

whereg is the gravity acceleration vector, andM i 2 R6� 6 is
the body-wise generalized mass matrix, which is de�ned as

M i =
�
mi I3 0

0 R i i I i R T
i

�
; (57)

and I i is the body's MoI matrix expressed in world coordi-
nates, which can be expressed using the body's orientation
and the local MoI using theparallel axis theoremas

I i = R i i I i R T
i : (58)

To further simplify the expression for (56), we can denote the
non-linear terms of gravity and Coriolis wrenches as

wgc;i :=
�

mi g
� [! i ]� I i ! i

�
; (59)

and arrive at a concise expression of the body-wise EoM

M i _u i = wgc;i + w total;i : (60)

Stacking (60) of each body, we can form the system EoM

M _u = wgc + w total ; (61)
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whereM is the block-diagonal generalized mass matrix �rst
introduced in Sec. II, andwgc and w total are the stacked
gravity-Coriolis and total wrenches, respectively.

In order to introduce constraints explicitly, we must decom-
pose w total into the individual terms which account for all
forces applied to the bodies and that are not part ofwgc:

w total = we + wa + w J + wL + wC (62)

We have also included the external wrencheswe to account for
purely external factors such as external disturbances and forces
we may wish to apply ad-hoc. Next we will expresswa, w J,
wL andwC as functions of the respective constraint reactions
and generalized actuation forces. To this end, we can apply the
screw transforms (26) to (25) and (32) combined with (23),
as well as apply (36a) to (37). Essentially, doing so renders
the Jacobian matricesJa, JJ, JL, and JC, corresponding to
actuated joint DoFs, joints, limits, and contacts, respectively.

Proceeding element-wise over eachJ j , L l , andCk present
in the system, we can de�ne the matrix-blocks of the corre-
sponding Jacobian for each associated body. For each jointJ j

attached to bodyBi , the corresponding matrix-block ofJJ is

JT
J;i;j =

�
I3 03

[r i � r j ]� I3 ;

�
R j X j Sc;j ; (63)

and if the joint is actuated, the matrix-block ofJa is

JT
a;i;j =

�
I3 03

[r i � r j ]� I3 ;

�
R j X j Sa;j : (64)

For each limitL l the matrix-block ofJL is

JT
L;i;j;l =

�
I3 03

[r i � r j ]� I3 :

�
R j X j sl ; (65)

and for each contactCk the matrix-block ofJC is

JT
c;i;k =

�
I3

[r i � r k]�

�
R k : (66)

We will also denote the total constraint Jacobian as

J :=
�
JT

J JT
L JT

C

� T
; (67)

Next we will de�ne stacked vectors over all joint DoF
actuation forces and constraint reaction Lagrange multipliers
corresponding to each constraint group, in the form of

� a :=

2

6
4

� a;1
...

� a;nj

3

7
5 ; � J :=

2

6
4

� j;1
...

� j;nj

3

7
5 ;

� L :=

2

6
4

� l;1
...

� l;nl

3

7
5 ; � C :=

2

6
4

� c;1
...

� c;nc

3

7
5 ; (68)

as well as the vector of all constraint reaction multipliers

� :=
�
� T

J � T
L � T

C

� T
: (69)

Having de�ned the Jacobian matrices as well as the DoF ac-
tuation and constraint reaction vectors, we can now concisely

express the total wrenches applied to the system of bodies as

w total = we + JT
a � a + JT

J � J + JT
L � L + JT

C � C (70)

= we + JT � : (71)

Moreover, by re-arranging some terms, we may de�ne the
vector of non-linear generalized force terms

h := wgc + we + JT
a � a ; (72)

and thus arrive at the acceleration-level EoM

M _u = h + JT � : (73)

In (73) we recognize the smooth (i.e. continuous) version
of the system dynamics. Using the derivation described in
Sec. II-B, it is now quite straightforward to derive the time-
stepping version of the system EoM and render

M (u+ � u � ) = � t h + JT � : (74)

V. CONSTRUCTINGTHE DUAL PROBLEM

This section describes the construction of the dual FD NCP
(15) using the individual modeling elements described in
Sec. IV. First, we will detail how the dual NCP can be con-
structed to incorporate all the elements described in Sec. IV-D
for modeling contacts with restitutive impacts and friction.
Second, we will describe two augmentations that will enable
us realize constraint stabilization and constraint softening.

A. Origins

The dual FD NCP transcribed as the NSOCP (16) was �rst
introduced by Cadoux [51]. To the best of our knowledge, this
is the �rst instance of employing thebi-potential methodof De
Saxće [30] to incorporate the non-linear term in the optimiza-
tion objective. This augmentation is crucial to the NSOCP
representing a complete model of contact dynamics, but as
the De Saxće operator� � (�) is highly non-linear, it makes
the problem NP-hard. The former was �rst introduced by De
Saxće et al in [52] and subsequently elaborated upon in [30].
The latter provided a complete theoretical treatment that both
justi�ed its validity as well as established its connection to
the concept ofsuperpotentialsof J.J. Moreau [50], that have
long been a key part of the non-smooth dynamics foundations.
We recommend the seminal text of Glocker et al [23] for more
insight on this topic. The NSOCP as we know it today, as well
as the methods to approximate it, were introduced by Acary et
al in [31] where it was derived from the primal FD problem.

B. Problem De�nition

We begin by describing the construction of the three quantities
de�ning the dual NCP, namely, the Delassus matrixD , the
free-velocityv f and the feasible setK of admissible constraint
reactions. However, regarding the Delassus matrix in particu-
lar, we do not actually need to state anything further. Having
de�ned the generalized mass matrixM and the constraint
JacobianJ in Sec. IV, we may simply apply (11) to compute
it directly. Thus, at this stage we can focus solely onv f and
K as these require some work to de�ne.
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The principle mechanism we must employ is projection
onto the constraint-space. Exploiting the duality induced by
the constraint JacobianJ, we can express the pre/post-event
constraint velocities using the relations

v � =+ = J u � =+ : (75)

In addition, we will re-arrange the time-stepping EoM (74) to
express the post-event generalized velocityu+ as a function
of the constraint reactions� as

u+ (� ) = u � + � t M � 1 h + M � 1 JT � : (76)

Combining (75) and (76) yields the vector of post-event
constraint-space velocity (13) introduced in Sec. III-B:

v + (� ) = D � + v f :

In Sec. IV-D we described the Coulomb-Signorini-Newton
model (55) which asserts complementarity conditions on the
impact-augmented and De Saxcé-corrected constraint-space
velocity of each contactCk. We can generalize this statement
to include all constraints by forming the NCP

K � 3 v + (� ) + � (v + (� )) + E v � ? � 2 K ; (77)

where, and with slight abuse of notation, we can denote the
system-level De Saxcé operator using its contact-wise de�ni-
tion (50) to only act along the contact constraint dimensions

� (v + (� )) :=

2

4
0njd

0nl

� � (v +
C (� ))

3

5 ; (78a)

� � (v +
C (� )) :=

2

6
4

� � 1 (v +
c;1(� ))
...

� � nc
(v +

c;nc
(� ))

3

7
5 : (78b)

Moreover,E 2 Rnd� nd is the restitution matrix, constructed
using the coef�cients of restitution of all contacts

E :=

2

4
0 0 0
0 0 0
0 0 EC

3

5 (79a)

EC :=

2

6
6
6
6
6
6
6
6
6
4

2

4
0 0 0
0 0 0
0 0 � c;1

3

5 : : : 0

...
...

...

0 : : :

2

4
0 0 0
0 0 0
0 0 � c;nc

3

5

3

7
7
7
7
7
7
7
7
7
5

: (79b)

As it turns out, as the restitution relations are only considered
along the contact normal directions9, the impact augmentation
term can be absorbed into the free velocityv f as a component
of the bias velocity, i.e.v � = E v � , which admits the
rede�nition v f  v f + E v � . Effectively, this rede�nition
reduces (77) to the standard de�nition of the NCP (15). We

9It is technically feasible to include restitution effects along the contact tan-
gential directions, as is described in [53], [54] for deriving the PROX/SORprox
algorithm. However, we are not aware of any materials whose physical
interactions would justify the construction of such a model.

provide a brief proof of this property in Appendix. A-B. Thus
the free-velocity is simply constructed using

v f = J
�
u � + � t M � 1h

�
+ E v � (80)

In practice, however, can avoid constructingE and perform-
ing all the unnecessary matrix-multiplications with zeros by
simply appending� c;k v�

k to the row of v f corresponding to
the normal direction of each respective contactCk. Thus the
only actual computational cost lies in computingv � = J u � ,
which we do so anyway in (80).

Next, we will de�ne the feasible setK of admissible
constraint reactions. Luckily this is rather straight-forward to
do, as it works out to simply be theCartesian productover
the element-wise feasibility sets, which is often denoted as

K =
nj+ nl+ ncY

i

K i : (81)

A crucial property of this composition is that, assuming each
K i is a proper cone, then so too is the total feasible set
K [49] . For each joint, limit and contact, we must invoke the
appropriate set-valued force law to de�ne the corresponding
component setK i of the aforedescribed product. Thus, for
each joint J j , K j = Rmj , i.e. the constraint reactions are
unconstrained and therefore span the entire constraint-space
of the joint. For each limitL i , K l = R+ , i.e. the force is
constrained to the positive half-space, a.k.a. the nonnegative
orthant, of the corresponding joint DoF. Lastly, for each
contact Ck, Kk = K � k, i.e. the set is the Coulomb friction
coneK � k whose aperture is determined by the contact-speci�c
friction coef�cient � k. This results in the composite cone

K := Rnjd � Rnl � K � ; (82)

where � := [ � 1; : : : ; � nc]
T denotes the vector of all friction

coef�cients, andK � is the composite cone formed over the
Coulomb friction cones of all active contacts.

Lastly, we will form thetotal con�guration-level constraint
function of the system. To construct it, we can use the
de�nitions of the con�guration-level implicit functions of all
elementsJ j , L l andCk, using (21), (29) and (40a), respectively.
Stacking all individual elements of each constraint group, we
�rst form the respective group-wise constraint functions

fJ(s) =

2

6
4

f1(s)
...

fnj (s)

3

7
5 ; fL(s) =

2

6
4

gl;1(s)
...

gl;nl (s)

3

7
5 ; fC(s) =

2

6
4

gn;1(s)
...

gn;nc(s)

3

7
5 :

(83)
The total con�guration-level implicit constraint function re-
sults from simply combining the components in (83) to form

f (s) =

2

4
fJ(s)
fL(s)
fC(s)

3

5 = 0 : (84)

Although not directly part of the de�nition of dual FD NCP
(15), we will use it to realize the augmentations in the sections
that follow, as well as later in the de�nition of performance
metrics in Sec. VII-D.
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C. Constraint Stabilization

Without employing a numerical integration scheme that can,
at each discrete time-step, update the state of the system in
a way that satis�es all constraints exactly, it is inevitable that
numerical drift will lead to violations of the con�guration-level
constraints (21), (27) and (40). Such is the case when using
simpler time-stepping integrators such as semi-implicit Euler
(10b) or Moreau's midpoint scheme [25]. In addition, per-
forming CD at discrete time-steps unavoidably leads to some
interpenetration of the bodies, which, is directly dependent on
the step size� t and the potential velocities of the bodies.

These simulation artifacts are also exacerbated by the im-
precision that may be exhibited by dual solvers. Essentially,
we can understand why by realizing that the solutions to the
NCP/CCP they render are computed with the goal of reducing
the constraintvelocityto zero along the bilateral and unilateral
constraint dimensions (i.e. not considering frictional compo-
nents). This means that dual solvers have no direct impact
on the constraints at con�guration-level, and any under/over
estimation of the constraint reactions will lead to further
numerical drift, compounding that of the integration scheme.

However, con�guration-level constraint violation can be
alleviated by employing so-calledconstraint stabilizationtech-
niques, such as that of Baumgarter [55]. In this work we
followed an approach to realizing Baumgarter-like constraint
stabilization based on the work of Preclik et al [56] as
well as the recent technical guide [17]. The end result will
be an augmentation of the problem that follows the same
procedure described previously in Sec. V-B for modeling
frictional contacts with restitutive impacts. However, for il-
lustrative purposes, it will be easier to explain the approach
by �rst considering the simpler case where only bilateral joint
constraints are present in the system.

The �rst step involves using (75) and (76) to express
the velocity-level bilateral constraints as a function of the
constraint reactions� via the de�nition of the post-event
constraint velocity. Doing so yields the constraints

v + (� ) = J u + (� ) = 0 (85)

We will consider an augmentation of (85) that introduces
control feedback terms that are functions of the instantaneous
constraint violation. The latter is represented by the vector
of constraint residuals computed from the con�guration-level
constraint functions (83) of the joints, in the form of

r J = fJ(s) : (86)

Thus thestabilizedbilateral constraints can be stated as

v + (� ) + � � = �
v

� t
r J ; (87)

where � and v are often referred to as the Constraint Force
Mixing (CFM) constant and the Error Reduction Parameter
(ERP), respectively. To the best of our knowledge, these names
are attributed to the ODE physics engine [57]. We refer
interested readers to [17], [41] for a more in depth expla-
nation and interpretation of these parameters. In effect, they
serve to respectively soften and dampen the constraint-space
dynamics of the system. As our objective is to introduce such

a constraint-stabilization scheme to the dual problem without
compromising its structure as an NCP, we will necessarily
omit the CFM term� � for now. We do so because CFM
introduces compliance to the system which effectively softens
the constraints, and is the topic of Sec. V-D.

The next step, therefore, is to introduce ERP-type constraint
stabilization to the NCP. Similar to how incorporating restitu-
tive impacts augments the complementarity conditions (52) to
yield (55), the constraint stabilization of (87) can be introduced
via an additional bias in the form of

K � 3 v̂ (� ) + vB ? � 2 K ; (88)

wherevB is the constraint stabilization bias velocitythat we
need to construct. Moreover, as stabilization acts exclusively
on the unilateral components of limit and contact constraints
(i.e. contact normal directions), we can once more exploit the
invariance of the De Saxcé operator w.r.t the biasvB and
include it as an additional component of the total bias to the
free-velocity, i.e.v � = E v � + vB. This ensures that the NCP
retains the structure of the un-augmented problem.

Now we can proceed to constructvB. First of all, we will
specify distinct ERPs� j ; � l ; 
 k 2 R+ for each jointJ j , limit
L l and contactCk constraint subset, respectively. For each joint
J j , the bilateral constraint residual and stabilization bias are

r J;j = fJ;j(s) (89a)

vB;J;j =
� j

� t
r J;j : (89b)

For each limitL l , as the constraints are unilateral, we will
need to additionally constrain the residuals to act in the
orthant that satis�es the complementarity conditions. Thus, the
corresponding residual and bias velocity in this case are

r l = gl(ql) (90a)

vB;L;l =
�
� t

min(0 ; r l) : (90b)

For the unilateral contact constraints of each active contact
Ck, we do something similar as for limits. Recalling our
conventions for contacts described in Sec.IV-D, body pene-
tration occurs whendc;k � 0. However, some CD methods
and software can render potential collisions, i.e. contacts with
positive penetration, in order to allow for preemptive actions.
For this reason, Preclik et al [56] proposed a double-sided
method which ensures that the contact reaction remains zero
if the contact would not close within the time-step. Thus, for
eachCk, this approach takes the form of

rk = dc;k + � c (91a)

vB;c;k = 
 k min
�

0;
rc;k

� t

�
+ max

�
0;

rc;k

� t

�
; (91b)

where the constant� c 2 R is the so-calledcontact penetration
margin. The purpose of the penetration margin is to either
serve as a tolerance of permissible contact penetration (� c �
0), or to additionally in�ate the constraint boundary (� c < 0).

The constant scaling factors� j=� t, � l=� t, and
 j=� t thus
bias the constraint reactions to push the bodies in directions
that drive the corresponding residuals to zero, e.g.r J;j ! 0.
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Setting � j ; � l ; 
 j = 1 , amounts to correcting the residual in
a single step. However, one must be careful with using this
value, because it can lead to excessive oscillations, as the
problem can become very stiff, since the correction behaves
equivalently to a linear spring. Some physics engines like
NVIDIA PhysX, apply an ad-hoc capping of the this bias,
that is referred to as themaximum depenetration velocity. In
our current implementation we have not yet considered such
additional effects, but these may be considered in future work.

Now we can construct the bias velocity vectors for each
constraint type by simply stacking the individual contributions
of each constraint element using (89), (90) and (91), to form

vB;J =

2

4
vB;J;1

:::
vB;J;nj

3

5 ; vB;L =

2

4
vB;L;1

:::
vB;L;nl

3

5 ; vB;C =

2

4
vB;c;1

:::
vB;c;nc

3

5 ; (92)

and then combine them to form the total bias velocity

vB =
�
v T

B;J v T
B;L v T

B;C

� T
: (93)

Finally, the constraint-stabilized free-velocity is computed as

v f = J
�
u � + � t M � 1h

�
+ E v � + vB : (94)

D. Constraint Softening

The dual FD problem poses signi�cant numerical dif�culties.
First of all, in either NCP (15) or NSOCP (16) forms, the
complementarity constraint to be enforced is non-convex and
non-smooth, and the De Saxcé operator is highly non-linear.
Second, even if were to consider a relaxation of the in the form
of the CCP (18) or the SOCP (19), the problem would still
not be strictly convex as the Delassus matrix is in general only
positive semi-de�nite i.e. it is rarely positive de�nite and often
ill-conditioned. To address these challenges, we will consider
another type of relaxation that regularizes the problem by
softening the constraints.

Speci�cally, we follow the approach introduced by Todorov
et al [12] for MuJoCo [58] that introduces a diagonal regular-
izer R 2 Snd

++ to the Delassus matrix as well as an additional
regulation bias velocityv r 2 Rnd to the free-velocity vector.
However, as the particulars of how MuJoCo realizes this
method has evolved signi�cantly since the initial publication
of [12], we must clarify that we our implementation is mostly
based on that described in the of�cial documentation [41] of
MuJoCo. Thus, in this section we will describe how MuJoCo's
constraint softening scheme can be applied to both the NCP
and CCP formulations of the FD problem. We will provide a
brief derivation to clarify how this is possible and we refer
readers to [41] for further details.

The constraint softening scheme essentially serves to aug-
ment the NSOCP (16) introduced in Sec. III-B to render the
Regularized NSOCP (RNSOCP) that takes the form of

RNSOCP(D ; R ; v f ; v r ; K) :

Find � = argmin
x 2K

1
2

xT (D + R ) x

+ xT �
v f + v r + � (v + (� ))

�
: (95)

Equivalently, we can also state the CCP-type version as the
Regularized Second-Order Cone Program (RSOCP)

RSOCP(D ; R ; v f ; v r ; K) :

Find � = argmin
x 2K

1
2

xT (D + R ) x + xT (v f + v r ) (96)

which, is strictly convexsince the augmented Delassus ma-
trix D + R is symmetric and positive de�nite (PD). Thus,
the combined effects of the CCP relaxation and constraint
softening yield a dual FD problem that can be solved much
more ef�ciently than the original NCP problem. However, one
limitation of this approach is that it does not resolve the issue
of ill-conditioning of D , and can in fact lead to instabilities.
This phenomena will be demonstrated later in the experiments
presented Sec. VIII-D, but we will outline a potential reason
for this at the end of this section.

To derive and construct the constraint softening terms we
will once again start by assuming only bilateral joint con-
straints are present in the system. Fundamentally, employing
the diagonal regularizerR amounts to introducing mechanical
compliance to each constraint dimension, which is akin to
introducing multiple spring-mass-like elements to the system.
We can de�ne the potential energy of this generalized ”spring”
element, as a function of the generalized state using the
de�nition of the equality constraints functions (22), to form

UC(s; u+ ) =
1
2






 _fJ(s; u+ )








2

K
; (97)

where K 2 Snd
++ is a PD stiffness matrix. Note how we

have used the velocity-level constraints as opposed to the
con�guration-level variants (21). This is possible by virtue
of index reduction, and is necessary since we require the
potential and the resulting force to be functions of the post-
event generalized velocitiesu+ . Taking the partial derivative
w.r.t the former yields the generalized force of the spring as

� C := �
@UC(s; u+ )

@u+ = � JT
J K _fJ(s; u+ ) : (98)

Observing the multiplicand of the Jacobian matrixJJ, we can
equate this quantity to the force of a Hookean linear spring
model in constraint-space, where the residuals play the role
of spring de�ections. These spring forces are thus exactly the
constraint reactions, and thus we can state the equivalence as

� = � K _fJ(s; u+ ) , _fJ(s; u+ ) = � R � ; (99)

where now we de�ne the regularizer asR := K � 1 which
makes it exactly equivalent to a mechanical compliance.
Combining (99) with the time-stepping EoM (74) to form

�
M J T

J
JJ � R

� �
u+

� �

�
=

�
� t h + M u �

� v �

�
: (100)

Note how we have included the bias velocityv � in the RHS
of (100). This is to account for the fact that any augmentations
considered besides constraint softening would necessarily be
included in the de�nition of the velocity-level constraints, i.e.
_fJ(s; u+ ) := JJ u+ � v � . The system (100) demonstrates that
the inclusion of the compliance in the joints can render the
system solvable with direct methods, otherwise its absence
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would result in a zero matrix in-place ofR and thus potentially
admit multiple or no solution at all. Moreover, (100) can also
result from expressing the KKT conditions of (96), which in
the absence of unilateral constraints is identical to (95).

Taking an optimization perspective, we can express the
Lagrangian of the original primal FD problem as

L (u+ ; � ) :=
1
2

ku+ � u f kM + � T �
JJu+ + v � �

; (101)

and observe the resulting saddle-point problem

min
u +

max
�

L (u+ ; � ) �
1
2

k � k2
R : (102)

The additional term in the Lagrangian constitutes what is
referred to in the optimization literature asTikhonov regu-
larization [59]. Applying such a regularization is therefore
guaranteed to yield a unique minimum-norm solution, which is
a signi�cant bene�t of constraint softening, since it stabilizes
the resulting contact reactions w.r.t successive time-steps.

However, this regularization can result in signi�cant un-
derestimation of the constraint forces, leading to intolerable
constraint violation. Physically, this means that joints break,
bodies drift away from one another, and contacting bodies ex-
hibit signi�cant interpenetration. Todorov et al [12] proposed a
solution to this predicament: constructv r as a special form the
constraint stabilization described previously in Sec. V-C. In a
nutshell, it causes the constraint-space dynamics to behave as
a multi-dimensional, decoupled, and critically-damped spring-
mass system. Moreover, by carefully crafting a non-linear
modulation of the constraint residual, the effective compliance,
damping and stiffness can be adapted automatically accord-
ing to the magnitude of the constraint violation. Proceeding
element-wise using indexj for each scalar constraint equation,
the MuJoCo approach can be outlined as follows:

1) De�ne shaping functions that modulate the residualsr j .
2) Use the shaping functions to compute impedancedj .
3) Use each impedancedj to compute corresponding com-

pliancecj , dampingbj and stiffnesski coef�cients.
4) ConstructR andar using the tripletscj ; bj ; ki 8j.

At the core of this approach lies a family of shaping
functions, which we'll generically denote asfs(x), where
fs : R ! R. The shaping functions are re�ected sigmoids
(i.e. symmetric w.r.t the domain) that modulate the residuals
r j . Parameterized by the midpoint valuemj and power factor
pj , they take the form of the linear and non-linear variants

fs;L(x) = x (103a)

fs;NL(x) =

8
<

:

xpj

m
1 � pj
j

; x � mj

1 � (1 � x)pj

(1 � mj )
1 � pj

; x > mj

: (103b)

We can choose between either depending on whether we
selectpj = 1 to use the linear, orpj > 1 for the nonlinear.
Having chosen a variant, the constraint impedance is then
computed using the piece-wise continuous pseudo-function

xj =
jr j � mj j

wj
(104a)

dj :=

8
>>><

>>>:

1
2 (d0;j + dw;j) ; d0;j = dw;j _ wj � 0
dw;j ; xj � 1
d0;j ; xj � 0
d0;j + fs(xj) (dw;j � d0;j) ; otherwise

;

(104b)
where xj is a shorthand for the absolute of the scaled and

offset residualr j , wj is the width parameter that de�nes the
interval [� wj ; wj ] within which the impedance is shaped by
r j , d0;j = d(0) is the minimum impedance whenxj = 0 ,
and dw;j = d(wj) is the maximum impedance whenr j =
wj . Note that this operation effectively bounds the residual-
to-impedance mapping to the rangesr j 2 [� wj ; wj ] and
dj 2 [d0;j ; dw;j ]. Moreover, as we require that both impedance
limits d0;j and dw;j (with d0;j � dw;j) are selected within the
[0; 1] range, the computed impedance also lies in the range
dj 2 [0; 1]. Fig.6 demonstrates examples of the residual-to-
impedance mappings for various shaping function parameters.
Therefore, given impedancedj computed as just described, the
compliance, damping and stiffness coef�cients are respectively

cj =
1 � dj

dj
; bj =

2
dw;j Tj

; kj =
dj

d2
w;j T2

j � 2
j

(105)

whereTj and � j are the time-constant and the damping ratio,
respectively, of the effective mass-spring-damper system of the
j-th constraint. The time-constant is essentially the inverse of
the natural frequency of the system multiplied by the damping
ratio. Finally, the coef�cients of the compliance matrix and
reference acceleration vector are respectively computed as

Rjj = cj Djj ; vr;j = � t
�

bj v�
j + kj r j

�
(106)

whereDjj is thej-th diagonal coef�cient of the Delassus matrix
D , and vj is the j-th coef�cient of constraint-space velocity
vector v . This formulation therefore proceeds element-wise
and allows us to select distinct values of the parameter set
f m; p; w; d0; dw; T; � gj for each constraintj. This affords us
great �exibility in selecting those that achieve the best results
possible, but with the disadvantage of not being automated.

Fig. 6. Examples of impedance shaping using the sigmoidal shaping functions
fs(x), for various settings of the midpoint valuemj and power factorpj
parameters. The 2D plots are agnostic to the absolute impedance values, and
are shown only relative to the minimum and maximum impedance de�ned by
d0; j (dmin) andd0; j (dmax) respectively. The X-axis is clipped to the range
de�ned by the width parameterwj .
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The �nal step involves constructing the regulation velocity
v r . Although in practice we actually add each term directly to
each dimension ofv f , for illustrative purposes, we can de�ne
this more clearly by expressing the diagonal matrices

K r = diag([ k1; : : : ; knd ]
T) (107)

B r = diag([ b1; : : : ; bnd ]
T) (108)

R = diag([ c1 D11; : : : ; cnd Dnd nd ]
T) : (109)

The regulation velocityv r is thus computed as

v r = � t
�

B r v �
j + K r r

�
: (110)

Having outlined what MuJoCo-type constraint-softening
terms, we can brie�y analyze what they actually represent, and
why they may lead to instabilities. As the regularized Delassus
matrix is positive de�nite due to the presence ofR , it is thus
also invertible, admitting the closed-form solution

� 0 := ( D + R ) � 1 ( v f + v r ) : (111)

Using (111) renders the constraint-space velocity

v +
0 = D (D + R ) � 1 v f + R (D + R ) � 1 v r ; (112)

which, reveals the element-wise constraint-space dynamics

v+
0;j = dj (bj v�

j + kj r j) + (1 � dj) vf ;j : (113)

This demonstrates that the system will behave as multiple
decoupled spring-mass-damper elements. However, this can
lead to signi�cant oscillations if the parameters that determine
the non-linear impedance are not chosen carefully. Therefore,
although the regularization and regulation of the problem is
somewhat automated, it still requires the user to choose the
aforedescribed parameters appropriately.

One �nal clari�cation that is necessary to make before con-
cluding this part, is that the MuJoCo-like constraint softening
method is mostly, but not exactly, compatible with the NSOCP
formulation (95). As we described previously in Sec. V-B and
Sec. V-D, an augmentation that biases the free-velocityv f

via v� must satisfy the invariance property of the De Saxcé
operator. However, asv r includes non-zero components in the
frictional dimensions due to the damping terms, it violates this
requirement. By virtue of approximation, we can proceed to
apply it in the same manner as all other augmentations.

VI. D UAL SOLVERS

Given a complete de�nition, and construction, of the dual
FD NCP (15), we now address how it can be solved numeri-
cally. This section therefore describes the set of �rst-order dual
FD algorithms that ful�ll the template of Alg.1. For brevity, we
henceforth refer to them simply asdual solvers. Following the
taxonomies described in [60], [7], [17], [38], we will summa-
rize how they are related as well as their distinguishing factors.
Of course, one may note that their respective derivations can be
based on many seemingly different perspectives of the dual FD
problem, i.e.complementarity systems, projected dynamics,
differential inclusionsandconstrained optimization. However,
the underlying theory ofconvex analysiscan be used to
establish their equivalence as demonstrated by Brogliato [61].

As Moreau �rst established in his seminal work [25], a
unifying view of these �rst-order methods can be attained via
the augmented Lagrange method(ALM) [62], and proximal
operators[63]. We will �rst de�ne the theoretical framework
that justi�es the template of Alg. 1 and then proceed to
describe the set of computational building-blocks that lead
to the construction of concrete dual solvers. Effectively, the
solvers resulting from this perspective are those that can
be described as variants of the celebrated PGS algorithm,
some which can be seen as generalizations and improvements
thereof. In addition, we also consider a version of a state-of-
the-art solver based on the primal-dual Alternating Direction
Method of Multipliers (ADMM) algorithm [64], that was
recently proposed by Carpentier et al in [32]. This ADMM
method is also derived using ALM and proximal operators
and thus also ful�lls the template of Alg. 1, further broadening
their applicability as the underlying foundation. The complete
list of solvers we have evaluated is presented in Tab. I, and
includes relevant implementation details.

A. Preliminaries

We begin with a brief review of elements fromconvex
analysis and proximal optimizationthat will be required in
the continuation. We refer the reader to [65], [63] for details.

The indicator functionof a closed and convex setC � Rn

evaluated at some pointx 2 Rn is de�ned as

	 C(x) :=

(
0 ; x 2 C
1 ; x 62 C

; (114)

and its conjugate is the so-calledsupport function

SC(x) = 	 �
C(x) := sup

y
f y T x : y 2 Cg : (115)

It is important to note at this point, that asC is convex, then so
too are	 C(x) andSC(x). In general, given a convex function
f : Rn ! R, then itssubdifferential@f (x) is de�ned as

@f (x) := f y : y T (z � x) � (f (z) � f (x)) ; 8zg : (116)

Thus given that the indicator and support functions are convex,
we can apply (116) to de�ne their respective subdifferentials
as

@	 C(x) := f y : y T (z � x) � 0 ; 8z 2 Cg ; (117)

@SC(x) := f y : y T z � 0; 8z 2 @	 C(x)g : (118)

We now observe that, the aforede�ned subdifferentials corre-
spond to the normal and tangent cones ofC at point x 2 C,
respectively, i.e.NC(x) = @	 C(x) and TC(x) = @SC(x).
This property establishes the duality (i.e. conjugacy) between
the two sets and their elements, in the form of

y 2 N C(x) , x 2 TC(y ) , x 2 C ; xTy = SC(y ) : (119)

Moreover, when the set under consideration is a closed and
convex coneK, then in addition, the support function is
identical to the indicator function of the dual coneK � , i.e.
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SK (x) = 	 K � (x). This property, together with the duality
de�ned in (119) results in the complementarity property

y 2 N K (x) , x 2 N K � (y ) , K 3 x ? y 2 K � : (120)

Next, let us introduce theproximal operator, which, de�nes
a generalized notion of projection. For any weighted metric
norm kxkA :=

p
xT A x , whereA 2 Sn

++ , a proximal-point
to a convex functionf (x) at somex 2 Rn can be de�ned as

proxA
f (x) := argmin

y
f (y ) +

1
2

kx � yk2
A : (121)

The resultingz = proxA
f (x) is often called theproximal-point

to the convex functionf at x, and z 2 domf . In addition,
we can de�ne a mechanism to quantify the distance of the
proximal projection via theproximal vector distance function

distAf (x) := x � proxA
f (x) : (122)

Furthermore, proximal operators are also applicable to de�ne
projections onto convex sets. Applying (121) to the indicator
function (114) of a convex setC, the proximal projection and
distance operators take the form of

proxA
C (x) := argmin

y 2C

1
2

kx � yk2
A (123a)

distAC (x) := x � proxA
C (x) : (123b)

Lastly, the subdifferential of the proximal operator also yields
an inclusion to the normal coneNC(x). Expanding (123a)
using the de�nition of the indicator function	 C(x) as

x � = proxA
C (x) = argmin

y
	 C(y ) +

1
2

kx � yk2
A

| {z }
f (y )

; (124)

and evaluating the subdifferential at the proximal-point yields

@f (x � ) = @	 C(x � ) � A (x � x � ) 3 0 : (125)

Thus we can see that the proximal operator renders a set
inclusion to the normal cone ofC at pointx in the form of

x 2
�
NC(x � ) + A � 1x � �

: (126)

B. The Proximal Perspective

To enunciate how and why projective �rst-order methods
follow the template in Alg. 1, we provide a brief derivation
that highlights the underling common structure. This deriva-
tion, based on the augmented Lagrange method and proximal
operators, has its roots in the early seminal work of J.J Moreau
in [25] and has been elaborated upon extensively by others as
well. The derivation provided here is principally based on the
work of Studer et al in [66], [67] and Erleben in [54].

As �rst introduced in Sec. III, in order to tackle the NCP
(15), the principle tool will be the optimization perspective via
the NSOCP (16). Due to the nonlinear and non-differentiable
De Saxće operator, it is very dif�cult to solve directly. One
method that has shown great success is that proposed by
Cadoux [51] and further developed by Acary et al in [31],
both taking inspiration from the originalpredictor-corrector

approach of De Saxcé in [30]. This method attains a convex-
i�cation of (16) via �xing the De Saxće term to the image
of its argument and proceeding by successive approximation
of this value. As we will show, it renders the problem convex
and differentiable, �tting well with the derivation of projective
�rst-order methods. This convexi�ed NCP takes the form of

SOCP(D ; v f ; K) :

Given s = � (v + (� )) (127)

Find � = argmin
x 2K

1
2

xT D x + xT (v f + s)

To simplify notation, we denote (127) with the shorthand

min
x

h(x)

s.t. f (x) 2 K
: (128)

The �rst step involved rewriting the inclusion constraint as

min
x ;y

h(x)

s.t. A (f (x) � y ) = 0

y 2 K

; (129)

wherey 2 Rnd is a vector ofslack variablesand A 2 Snd
++

is a matrix that will serve as a weighted metric norm. Since
A is PD, the equality constraint can only be satis�ed when
f (x) � y = 0 . The augmented Lagrangian of (129) is

L A
�; A (x ; y ; z) := h(x) + zT A (f (x) � y ) +

�
2

kf (x) � yk2
A

(130a)

= h(x) �
1
2�

zT A z +
�
2

k� � 1 z + f (x) � yk2
A (130b)

= h(x) �
� � 1

2
kzk2

A +
�
2

k� � 1 z + f (x) � yk2
A ; (130c)

wherez 2 Rm is the vector of Lagrange multipliers,� 2 R is
the additional penalty parameter, andkxk2

A = xT A x denotes
taking the norm in the metric space de�ned byA . Next, we
eliminate the slack variablesy from (129) by observing that
L A

�; A (x ; y ; z) is minimized w.r.ty 2 K at the point

y � = argmin
y 2K

k� � 1 z + f (x) � yk2
A = proxA

K (� � 1 z + f (x)) ;

(131)
yielding they-minimized augmented Lagrangian

L A
�; A (x ; y � ; z) = h(x)�

� � 1

2
kzk2

A+
�
2

kdistAK (� � 1z+ f (x))k2
A :

(132)
The elimination ofy renders the reduced saddle-point problem

min
x

max
z

L A
�; A (x ; y � ; z) : (133)

Forming the KKT optimality conditions

r x L �; A (x � ; y � ; z� ) = 0 ; r z L �; A (x � ; y � ; z� ) = 0 ;
(134)

for (132), results in the system of equations

r x h(x) + � A distAK (� � 1z + f (x)) r x f (x) = 0 (135a)

� � � 1 A z + A distAK (� � 1z + f (x)) = 0 ; (135b)
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and with a bit of refactoring we can arrive at

r x h(x) + A z r x f (x) = 0 (136a)

f (x) = proxA
K (f (x) + � � 1 z) : (136b)

Now we can plug in the de�nition of the SOCP (127) to
(136), and observe that the Lagrange multipliers of the dual
problem correspond toz := � v̂ , i.e. negative augmented post-
event constraint velocities. The resulting system is

v̂ = A (D � + v f + s) (137a)

� = proxA
K (� � � � 1 v̂ ) ; (137b)

which, when combined form theproximal-point equation

� = proxA
K (� � � � 1 A � 1 (D � + v f + s)) : (138)

A crucial property of the proximal operator is that its solutions
are also�xed-points of the projection operation, i.e.

� � = proxA
K (� � ) : (139)

Therefore, interpreting (139) as a recursive procedure, and
starting from some initial point� 0, successively applying the
proximal operator should converge to one of its �xed-points in
a �nite number of steps. This is the so-calledproximal-point
algorithm and can be conceptualized as

� � � � n = proxA
K � ::: � proxA

K (� 0) : (140)

The �nal step involves realizing the proxA
K (�) operator. The

speci�cs of how this is done is exactly that which distinguishes
most algorithms from one another. To recapitulate, in order to
construct a proximal operator we need to choose:

� an appropriate metric normA
� an appropriate representation of�
� a method to realize the projection
� an iterative procedure

Moreover, another crucial choice is whether to realize the
projection as oneglobal operation accounting for the whole
problem at once, or break it up into chunks that can be solved
locally, depending of course on the structure ofA . The latter
is what is referred to in the optimization literature asblock-
coordinate descent[68]. We will leave the global approach for
Sec. VI-F where it is used in the ADMM-based solver. For
now, we will focus on the block-wise methods that includes
PGS and its variants. IfA is block-diagonal, then we can
express the block-wise operation

zi
j =

 nj+ nl+ ncX

m=1

D mj �
i
m

!

+ v f ;j + sj

� i+1
j = proxA jj

K j

�
� i

j � 1
� A � 1

jj zi
j

� ; (141)

and, if A is purely diagonal, the coordinate-wise version is

zi
j =

P nd
m=1 Dmj � i

m + vf ;j + sj

� i+1
j = proxaj

K j

�
� i

j � � � 1 a� 1
j zi

j

� : (142)

We should now recognize that (141) and (142) correspond to
a single Jacobi iteration, followed by a projection onto the

feasible set of each coordinate. We can therefore alternatively
use a Gauss-Seidel (GS) iteration [69], in the form of

zi
j :=

m� jX

m=1

D mj�
i+1
m +

nj+ nl+ ncX

m= j+1

D mj�
i
m + v f ;j + sj

� i+1
j = proxK j

( � i
j � � � 1 A � 1

jj zi
j )

; (143)

zi
j :=

m� jX

m=1

Dmj� i+1
m +

ndX

m= j+1

Dmj� i
m + vf ;j + sj

� i+1
j = proxK j

( � i
j � � � 1 A� 1

jj zi
j )

: (144)

We can also use a Successive-Over-Relaxation (SOR) update

� i+1
j = (1 � ! )� i

j + ! � i+1
j ; (145)

after every block-wise or coordinate-wise proximal projection.
! 2 [0; 2] is the so-called relaxation factor that linearly
interpolates between the previous and current iterates. This
additional operation presents some interesting theoretical and
practical properties, and is often used to accelerate conver-
gence. However, it can potentially lead to divergence if not
selected carefully, and choosing a value that generalizes across
all problems can prove dif�cult. Choosing! = 1 corresponds
to the GS iteration and thus this additional mechanism is a
very versatile and easy extension to apply.

Essentially, all of the aforementionedlocal approaches treat
each sub-problem as though all other constraint reactions are
�xed constants. Moreover, the structure of the proximal-point
algorithm is akin toprojected gradient descent. As indicated
by (136), the velocity term corresponds to an estimate of
the gradient,A serves as an approximate Hessian and� can
be understood as a step-size. Lastly, the projection onto the
feasible set via the proximal operator exclusively serves to
satisfy the set-valued and inequality constraints. We have thus
laid the foundation which uni�es the set for tackling the
dual FD NCP. It remains now to choose how to realize the
projection and select� andA , and will be covered next.

C. Projectors & Local Solvers

This section describes the set of projection operators that are
used to realize the proximal operator (123b). As the latter can
be considered more of a theoretical construct as opposed to a
literal operation, we will denote animplementationthereof as
a projection operator, i.e.projector, PK (�) introduced in the
template of Alg.1. Many of them are derived analytically in
closed-form, while some require solving an inner optimiza-
tion problem. Recalling the construction (81) used for the
composite setK of admissible constraint reactions, we can
equivalently construct a composite projector as

PK (x) :=

2

6
4

PK 1 (x1)
...

PK ni (xni )

3

7
5 ; (146)

where ni is the number of inequality constraint sets. Note
that, in general,ni 6= nl + nc, as the constraint sets can differ
depending on the contact model e.g. decoupled or spatial.
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Euclidean Projectors: The �rst set consists of geometric
projectors admitting analytical expressions. Speci�cally, they
realize Euclidean projections onto their respective cones, as
they are derived assume the Euclidean metric norm. These
include the:

� projector to the nonnegative orthantR+

PR+ (x) := max(0 ; x) : (147)

� projector to a 2D diskD(r) � R2 of radiusr 2 R+ :

PD (r) (x) :=

(
x ; kxk2 � r
r x

kx k2
; kxk2 > r

(148)

� projector to a generic 3D Lorentz coneK3 � R3:

PK 3 (x) :=

8
>>><

>>>:

0 ; kx xyk2 � � xz

x ; kx xyk2 � xz

1
2

�
1 +

xz

kx xyk2

� "
x xy

kx xyk2

#

; kx xyk2 > jxzj

(149)

� projector to a Coulomb friction coneK � � R3

PK � (x) :=

8
>>><

>>>:

0 ; kx tk2 � � � � 1 xn

x ; kx tk2 � � xn

� kx tk2 + xn

� 2 + 1

"
� x t

kx tk2

1

#

; kx tk2 > � jxnj
;

(150)

� projector to the dual Coulomb friction coneK �
� := K 1

�

PK �
� (x) :=

8
>>><

>>>:

0 ; kx tk2 � � � xn

x ; kx tk2 � � � 1 xn

kx tk2 + � xn

� 2 + 1

"
x t

kx tk2

�

#

; kx tk2 > � � 1 jxnj
:

(151)

Note that the Coulomb cone and its dual are essentially
specializations of the 3D Lorentz cone (149). Moreover,
although omitted from the aforedescribed list,Rn also admits
a projector in the form of the identity functionPRn

(x) = x.

Local Solvers: The second set consists of projectors that
are additionally embedded with a contact model, in contrast
to the aforedescribed primitives which are purely geometric.
They can explicitly incorporate the Signorini-Coulomb contact
model, resulting in projections to the Coulomb friction cone
that satisfy the complementarity conditions. They are therefore
solvers of the single-contact dual problem and are used in
constraint-wise iteration schemes.

The �rst such projectors we consider arePCCP(�) and
PNCP(�) that are respectively de�ned in Alg. 2 and Alg. 3.
These are very simple approaches to realizing the proxi-
mal projection that involve nothing more than a single-step
predictor-corrector operation. Speci�cally,PCCP(�) can be in-
terpreted as assumingA = Ind and� set to the inverse of the
average diagonal of the local Delassus matrix (i.e. respective
diagonal block). A subtlety of this approach is that if an

estimate of the local De Saxcé correction is omitted, then
the dual variable is effectively the contact velocityv +

j , which
leads to non-zero solutions along the contact normal. This is
because it only enforces complementarity between primal and
dual variables, without explicit consideration of the reaction
and velocity along the contact normal.

Conversely,PNCP(�) addresses this issue by decomposing
the problem along the normal and tangent directions as two
separate problems. This ensures zero contact velocity along
the contact normal by forcing the normal contact reaction to
be non-negative regardless of the presence of a De Saxcé
correction term. For this projector, againA = Ind but � is
different for the normal and tangential directions. For the
normal direction, it is taken directly as the inverse of the
respective diagonal component ofD , while for both tangential
components, the smallest of the two diagonal components is
used. However, this projector can lead to contact reactions
that are not maximally dissipative since the decoupling cannot
account for the couplings induced by other constraints.

Both PCCP(�) andPNCP(�) can be considered asnaivepro-
jectors. A more holistic approach would be to consider solving
each local problem exactly, accounting for all other couplings
brought by the local dual variablezi

j . This approach has been
described in works such as that of Studer in [67], Bonnefon
et al in [70], and Todorov in [12]. These methods solve a
single-contact problem by taking the geometric perspective
described in Sec. IV-D and treating the open, stick and sliding
cases explicitly. For the �rst two cases, the projection is
trivially zero and the unconstrained solution of the linear
system (i.e. initially assuming the dual variable is zero). For
the sliding case, the solution is found by considering the conic
section formed by the Coulomb cone and plane of maximum
compression. Finding the correct point amounts to �nding a
point on a 2D ellipse which can be rendered as a solution to

Algorithm 2 CCP-Type Local SolverPCCP(�)
Require: � j , D jj , v f ;j , sj , � . local problem de�nition

1: zj  D jj � j + v f ;j + sj . compute local velocity

2: � j  � j �
3

tr (D j)
zj

3: � j  P K � (� j) . Coulomb cone projector (150)

4: return � j

Algorithm 3 NCP-Type Local ProjectorPNCP(�)
Require: � j , D jj , v f ;j , sj , � . local problem de�nition

1: zj  D jj � j + v f ;j + sj . compute local velocity

2: � j;N  � j;N �
1

Dj;NN
zj;N

3: � j;N  P R+ (� j;N) . orthant projector (147)

4: � j;T  � j;T �
1

min(Dj;TT;x; Dj;TT;y)
zj;T

5: � j;T  P D (� � j; N) (� j;T) . disk projector (148)

6: return � j
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a Quadratic Cone Program (QCP). In the approaches of [67],
[70], the QCP was used to derive a semi-analytical solution
in the form of a root-�nding problem of aquartic polynomial.
In this work we will denote such QCP-based local solvers
as the Nonlinear-Block projectorPNB(�), de�ned in Alg. 4.
Such a projector can used to realize a form of dual solver
some authors refer to as the Nonlinear-Block Gauss Seidel
method [71], [72], [12]. However, the derivation of the QCP
can vary depending on certain modeling assumptions.

In this work we have realized the variants proposed by
Preclik et al in [56] and by Hwangbo et al in [40], respectively
denoted asPMDP(�) and PBS(�). Both of these projectors are
based on the derivation originally described by Preclik et al
in [56], but differ in how the QCP is solved. In the case of the
former, the single-contact problem is transcribed as a single-
variable QCP that is solved as a quartic polynomial, similar
to [67], [70], [12]. It differs to the aforementioned, however,
in that the QCP is derived using a model that employs an
alternate form of the disjunctive Signorini-Coulomb model
(46), in conjunction with a objective function derived from
the MDP (47). This approach was later adapted by Hwangbo
et al in [40], who revised it by solving the QCP using
a bisection-search (BS) method, thusly employing it in the
RaiSim simulator. A recent analysis of the former by Lidec
et al in [73], identi�ed that the QCP formulation was actually
violating the MDP when strong couplings between tangential
and normal reactions occur, and proposed an amendment based
on approximating the De Saxcé correction term (50).

Algorithm 4 Nonlinear-Block Local SolverPNB(�)
Require: � j , D jj , v f ;j , sj , � . local problem de�nition

1: � 0
j  � D � 1

jj (v f ;j + sj) . unconstrained solution
2: if vf ;n < 0 then
3: if � = 0 then
4: � j = [0 ; 0; � D� 1

nn vf ;n]T . contact is frictionless
5: else
6: if � 0 2 S \ K � then
7: � j = � 0 . contact is sticking
8: else
9: if vf ;n = 0 then

10: if rd=� > 1 then
11: � j = 0 . degenerate elliptic
12: else
13: � i from (224) . degenerate para/hyperbolic
14: end if
15: else
16: � j from (222) . contact is slipping
17: end if
18: end if
19: end if
20: else
21: � j = 0 . contact is open
22: end if
23: return � j

We will brie�y summarize the de�nition of the projector
through the lens of proximal operators, while a complete
derivations can be found in Appendix. C. Readers are also
referred to [56], [40], [73] for further details. In our context,
the local-contact QCP derived by Preclik that also incorporates
the De Saxće correction, takes the form of the problem

Find � j = argmin
x

1
2 xT D jj x + xT (v f ;j + sj)

s.t. x 2 K � j

D jj x + v f ;j � 0

D jj x � 0

: (152)

The additional inequality constraints correspond to the Sig-
norini condition on the post-event contact velocity, and to
the requirement that the contact reaction does not induce a
velocity bias along the plane normal. Although the former is
typically understood to be a condition of optimality, including
it explicitly admits its geometric reinterpretation as �nding a
point on a conic section. Keeping to the broader view, we will
express (152) as a proximal operator. Denoting the inequality
constraints as inclusions to the sets

n := [0 ; 0; 1]T ; (153a)

Vn := f x : nT (D jj x + v f ;j) � 0g ; (153b)

� n := f x : nT D jj x � 0g (153c)

we can recast (152) as a proximal projection in the form of

proxD
Vn \K �

(x) := argmin
y

fMDP(y ; x) (154a)

fMDP(x ; y ) := 	 K � j
(y ) + 	 Vn (y )

+ 	 � n (y ) +
1
2

kx � yk2
D jj

: (154b)

Note that this equivalence holds only ifx := � D jj (v f ;j + sj).
Plugging in the unconstrained solution to (154b), yields (152).
This projector therefore corresponds to a proximal operator
with the single-contact Delassus matrix as a weighted metric
norm, i.e.A = D jj and � = 1 . The realization of (154b) as a
projector applicable to per-constraint iteration is thus

PMDP(x) :=

8
><

>:

0 ; �vf ;n < 0
x ; �vf ;n � 0; x 2 K �

QCP(x; �D ; �v f ; K � ) ; �vf ;n � 0; x 62 K�

:

(155)

D. Convergence

This section describes how we may realize the termination
criteria functionsfstop(�) of Alg. 1. Although such operations
do not directly affect the convergence trajectories of the
corresponding algorithms, they are critical to the quality of
the resulting solutions and useful for assessing solver perfor-
mance. Thus, special care must be taken in selecting which
quantities should be evaluated in order to terminate a given
solver, as the criteria must re�ect the effect of the algorithm.

Given the transcription of the problem as the NSOCP (16),
the most relevant measures to consider, would be theprimal,
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dual and complementarity residuals, de�ned respectively as

rp(� ) := � � P K (� ) (156)

rd(v ) := v � P K �
(v ) ; (157)

r cp(� ; v ) := [ � T
i v i ]nl+ nc ; (158)

where [xi ]n := [ x1; � � � ; x1]T. Note how the primal and dual
residuals are conveniently expressed using the projectors de-
scribed in Sec. VI-C. This property re�ects the fact that the
primal and dual variables of the problem should satisfy the
normal-cone inclusions (120). Thus, a measure of the error
corresponds to the proximal distance operator (122).

There is a crucial subtlety regarding the formulation of the
dual and complementarity residuals compared to the primal.
While, the primal residual (156) is a universal measure that
is applicable in all cases, (157) and (158) must be evaluated
according to whether the algorithm is solving a NCP or CCP
formulation of the dual problem. For the NCP, they would
be evaluated using the augmented constraint velocityv̂ + that
includes the De Saxcé correction (14), while for the CCP, it
would be the post-event constraint velocityv + (13).

Moreover, we can also consider theiterate residual

r iter(�
i ; � i� 1) := � i � � i� 1 ; (159)

i.e. the relative difference between successive iterates� i and
� i+1 of the solution. This alternative measure can be used in
several ways. Firstly, some approaches described in the liter-
ature employ (159) as a computationally cheaper method of
determining convergence [7], when the evaluation of (156-158)
may prove costly. Second, it can be used in conjunction with
problem residuals as an auxiliary criteria for detecting solver
stagnation, and thus invoke early stopping of the algorithm.

Some simulators like MuJoCo [37], option for using al-
ternative convergence criteria based on the objective func-
tion. Speci�cally, in the case of MuJoCo's GPGS solver, the
quadratic objective (17a) is evaluated over successive solution
iterates in order to compute arelative improvementof the
objective function, that is scaled by the total system inertia:

rf := I � 1
total j f (� i) � f (� i� 1) j ; (160)

whereItotal > 0 is the total diagonal inertial, i.e. the sum of
diagonal terms of the generalized mass matrixM . Essentially,
this heuristic aims at identifying plateaus in the optimization in
order to perform early stopping, thus preventing the algorithm
from iterating without signi�cant effect. The scaling using
the total diagonal inertia, can be understood to improve
conditioning w.r.t large mass ratios present in the system.

In addition to the aforede�ned metrics, another useful
element from VI theory is thenatural map function

Fnat
VI (x) := x � P K (x � F(x)) ; (161)

which can be stated generically for any NCP of the form

K � 3 F(x) ? x 2 K � : (162)

This functional stems from a rather intuitive geometric
interpretation of (162) that is depicted in Fig.7. In [74], [6],
[60], it is proven thatFnat

VI (x � ) = 0 for some vectorx � 2 K , is

Fig. 7. A depiction of the geometric interpretation of the natural-map function.
The VI functional is de�ned to be the augmented constraint velocityv̂ :=
F (� ). If � 2 @K � and � F (� ) 2 @K o with � ? F (� ), then the vector
� � F (� ) originating at� , is exactly perpendicular to the surface ofK � .
This means that its projection onto the cone should yieldx , i.e. F nat

VI (� ) = 0 .

a necessary and suf�cient condition forx � to be a solution to
the NCP (162). The utility of this metric is often overlooked in
the robotics and graphics �elds, but as Acary et al demonstrate
in [7], it can serve as a reliable metric for qualifying if
the output of solvers actually correspond to solutions of
the NCP/CCP. In effect, it subsumes the primal, dual and
complementarity residuals, summarizing them into a single
expression, albeit one that is signi�cantly more expensive to
compute. In the case of the dual FD problems (15) and (18),
the functionalF(�) corresponds tôv + and v + , respectively.
Thus, the natural-map functions are for each problem are

Fnat
NCP(� ) := � � P K �

� � D � + v f + �
�
v + (� )

��
; (163)

Fnat
CCP(� ) := � � P K (� � D � + v f ) : (164)

Lastly, we must clarify how the aforedescribed vector-
valued residuals and metrics may be used in practice. The
two most prominent approaches employed in the majority of
numerical methods are the averagedL2 and L1 norms. The
former computesn� 1

d k � k2, and can serve as a measure of
the average error. The latter computesk � k1 and effectively
renders the worst-case error. In this work, however, employ
the L1 norm as it scales better w.r.t problem dimensions.

E. Projective Splitting Methods

With all the aforedescribed building-blocks in hand, we can
now de�ne the �rst set of concrete algorithms we will use to
solve the FD dual NCP. We will refer to these asProjective
Splitting Methods, in accordance with the taxonomy described
in [7]. Generally speaking, these algorithms all are block-wise
versions of the SOR method described in Sec. VI-B. SOR is
the most general of the so-called �xed-point iteration methods
based on matrix splitting10. This categorization is also justi�ed
by the observation that in the case of only bilateral constraints
being present, the solvers are exactly equivalent to an indirect
method for solving the linear system formed by the EoM (74)
and the velocity-level constraints (22).

As a matter of convention, however, we can think of these
as variants of the classic Projected Gauss-Seidel (PGS) [75],

10SOR, Gauss-Seidel and the Jacobi method are so-calledsplitting methods.
These are a family of the more broader class of �xed-point iteration methods
that also includesKrylov subspace methodssuch as the linear Conjugate
Gradient (CG) algorithm, and the Minimum Residual (MINRES) method.
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[76], [77], which is ubiquitous in the realm of physical
simulation. Indeed it is present in most, if not all, of the
popular physics engines such MuJoCo[58], PhysX [78], Bullet
[20], RaiSim [40] and ODE [57]. However, the variants
that are most commonly distinguished from ”vanilla” PGS
are PSOR [79], GPGS [37], [12], NBGS [72]. Moreover, a
generalization of all of these algorithms, and arguably the
most theoretically founded, is the PROX algorithm [66], [54]
(a.k.a. SORProx). In addition to being the closest to the exact
structure of the block-wise proximal-point algorithm (141),
it selectsA and � exactly according to the conditioning of
the problem and performs an automatic adaptation of these
parameters over successive iterations. However, purely due to
time considerations, the authors regretfully have not been able
to include the PROX algorithm in this evaluation, but we hope
to do so in the future.

All projective splitting-based solvers are realized for the
multi-constrained multi-body FD problem case using the
scheme de�ned in Alg. 5. PGS-CCP by Tasora et al [80] is a
blocked variant of PGS that solves the CCP (18) formulation
of the dual problem using Euclidean projection, i.e.A = Ind

and an ALM penalty equal to the average of the diagonal
terms of each local Delassus matrix. PGS-NCP is a version
of the classic PGS adapted to 3D Coulomb friction cones that
uses decoupled normal-tangent projections to enforce the NCP
constraints. NBGS by Preclik et al [56] that uses an blocked
version of PGS that solves each local per-contact problem
exactly using a semi-analytical solution based on a decision
tree and a quartic polynomial. RAISIM by Hwangbo et
al [40] is fundamentally identical to NBGS except that it uses
the PBS(�) projector based on the bisection-search method.
RAISIM-DS by Lidec et al [73] is an enhanced version of
RAISIM that also incorporates successive approximations of
the De Saxće correction in the local solver of per-contact
constraints. RAISIM-DS-ES, an Early Stopping (ES) version
of RAISIM-DS that replaces the constraint-based termination
criteria with the relative objective function improvement (160).

F. Alternating Direction Method of Multipliers

In the context of mechanics, ADMM has only recently be-
gan to be explored as an alternative to �rst-order methods such
as PGS and its variants. Tasora et al in [45], applied ADMM
to the relaxed CCP (18) of the dual FD problem transcribed
as the convex SOCP (19). This work demonstrated impressive
versatility in being able to simulate both constrained rigid-
body systems such as a robotic manipulator as well as stacks
of �exible bodies such as deformable bars. Similarly, others
have also applied ADMM to the primal FD problem with
equally impressive demonstrations of its capabilities. Daviet
in [81], [82] used it to solve a softened version of the problem,
rendering exceptionally realistic simulations of compliant hair
�bers. Very recently, Lee et al in [83] used it to solve
an NCP-type formulation for simulating articulated robots,
demonstrating competitive accuracy-speed tradeoffs compared
to a state-of-the-art Newton-based method.

The second set of solvers we have evaluated are based on
the ADMM algorithm of Boyd et al [64]. Speci�cally, we

have realized two ADMM-based methods to solve the dual
FD problem that respectively tackle the CCP (18) and NCP
(15). The �rst, here referred to as ADMM-CCP, is based on the
algorithm proposed by Lidec et al in [38], that similarly to that
of Tasora et al [45], constitutes a direct application of ADMM
to the SOCP (19). The second and more advanced solver,
here referred to as ADMM-NCP, is based on the proximal
formulation proposed by Carpentier et al in [32] that combines
ADMM with proximal algorithms in a form that can solve
the NCP via the convex SOCP (127). In both cases, we have
adapted the original algorithms to the maximal-coordinate
CRBD formulation in order to also incorporate bilateral joint
and unilateral limit constraints.

As it turns out however, we found that both ADMM-CCP
and ADMM-NCP are so similar, that they can share a
common implementation. They only difference between them,
in fact, is that ADMM-NCP includes two additional terms:
(a) the estimate of the De Saxcé correction (78), and (b) an
additional proximal regularization objective. Thus, to bring
these solvers into the context of this work, we provide a
brief outline of the proximal formulation of ADMM-NCP,
describe the computations that are required to realize it, and
clarify how it is relaxed to form ADMM-CCP. For further
details regarding ADMM-NCP and ADMM in general, we
respectively refer the interested reader to [64] and [32]. We
highly recommend these original works, as well as [45], as
these proved very insightful in better understanding how and
why ADMM can be applied to such problems.

Proximal ADMM: As yet another �rst-order method ad-
hering to the template of Alg. 1, ADMM-NCP shares a
near-identical derivation to splitting-based methods. Thus our
starting point to deriving it is a direct sequel to Sec. VI-B. The
�rst step is recognizing that ADMM is in fact a global solver
that accounts for all constraint simultaneously, as opposed
to PGS and its variants that use the per-constraint iteration
scheme in conjunction with a local single-contact solver.

Thus, ADMM-NCP effectively computes a direct approxi-
mation of the global proximal-point projection

� = proxA
K (� � � � 1 A � 1 (D � + v f + s)) :

Rewriting the objective function of the convex SOCP (127) as

h(x; s) :=
1
2

xT D x + xT(v f + s) ; (165)

and setting the metric tensorA = Ind to employ the Euclidean
norm, we can de�ne the augmented Lagrangian

L A
�;� (s; x ; y ; z) := h(x; s) + 	 K (y )

+ �
2 kx � x � k2

2 � 1
2� kzk2

2

+ �
2 kx � y � � � 1zk2

2

; (166)

where � is an additional proximal parameter, andx � is
the previous estimate of the primal variable. Typically, the
additional proximal parameter is set to� = 10 � 6. Now
note how(166) is otherwise identical to (130c), except for
the additional proximal-point term�

2 kx � x � k2
2. However
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simple it may seem, this single term was one of the important
insights of [32], as it provides a special form of regularization
to the Delassus matrix that renders the Hessian of (165)
strictly convex while totally avoiding any biasing effects in the
solution. Another way to interpret the effect of this term is that
the Lagrangian (166) implies a double proximal projection,
one to the feasible set and another to the previous iterate.

A crucial shortcut that ADMM takes from the typical
ALM derivation described in Sec. VI-B, is that it de�nes the
alternating directions that update the primal variablesx andy .
Thus each iteration of ADMM-NCP decomposes the problem
into a cascade the of sub-problems

si = � (v + (x i� 1)) ; (167a)

x i = argmin
x

L A
�;� (si ; x ; y i� 1; zi� 1) ; (167b)

y i = argmin
y

L A
�;� (si ; x i ; y ; zi� 1) ; (167c)

zi = zi� 1 � � (x i � y i) : (167d)

The �rst step (167a) performs the convex relaxation of the
NSOCP (16) via the iterate estimates of the De Saxcé correc-
tion. The second step (167b) corresponds to an unconstrained
QP that renders the unconstrained solutionx i directly as

x i = � D � 1
�;�

�
v f + si � � x k � � y k � zk

�
; (168)

where D �;� := D + ( � + � ) Ind denotes Delassus matrix
regularized by the proximal point parameter and the ALM
penalty. The third sub-problem in (167c) corresponds to the
proximal projection onto the feasible set, that is realized using
the Euclidean projector onto the coneK, i.e.

y i = prox �
K

�
x i � � � 1zi� 1�

= PK �
x i � � � 1zi� 1�

: (169)

The last sub-problem (167d) corresponds to the update of the
dual variablez of ADMM, and is akin to performing a simple
gradient descent step with the penalty� acting as a step-size,
and theconsensus errorbetween the primal variables acting
as the gradient. Lastly, to extract ADMM-CCP from the
aforedescribed derivation, we can simply neglect (167a), i.e.
si = 0 ; 8i and omit �

2 kx � x � k2
2 from (166).

Convergence Criteria: The typical de�nition of ADMM
involves a convergence criteria based solely on the primal-dual
residualsrp andrd, as de�ned in (156) and (157), respectively.
However, as ADMM-NCP is solving an NCP, it is crucial that
(158) must also be evaluated in order to ensure that solutions
satisfy the physical constraints of the problem. However,
compared to the other splitting-based solvers, ADMM-NCP
does not need to evaluate the costly computations described
in Sec. VI-F, which would require several matrix-vector multi-
plications to evaluate. Instead, for ADMM-NCP and ADMM-
CCP, we can evaluaterp andrd directly using the iterate values
of the primal-dual variablesx i ; y i ; zi as

r i
p := x i � y i (170a)

r i
d := � (x i � x i� 1) + � (y i � y i� 1) (170b)

r i
cp := [ x i

j
T

zi
j ]nl+ nc (170c)

Penalty Adaptation: The �nal component of ADMM-NCP
involves the determination of the ALM penalty parameter� .
Similarly to the description of splitting-based methods and
how each variant elects to choose� , there several options exist
for ADMM as well. In particular, we have realized three:

1) A �xed-penalty (FP), where it is set to a user-
speci�ed constant, i.e.� = � 0 > 0, which by default,
we have found� 0 = 1 to work well across all problems.

2) A Linear Adaptation(LA) scheme in the form of

� i = RLA(� i� 1) :=

8
><

>:

� i� 1 � inc ; r i
p=r i

d � �
� i� 1 � dec ; r i

p=r i
d � � � 1

� i� 1 ; � � 1 < r i
p=r i

d < �

;

(171)
where r i

p and r i
d are respectively the primal and dual

residual of the current iteration,� > 1 is the a threshold
on the ratio of primal-dual residuals, and� inc; � dec > 0
are the linear increment/decrement factors. The latter
essentially modulate the penalty parameter only when
the ratio of primal-dual residuals exceeds the threshold
� , attempting to maintain them both relatively close
to each other. Typical values for these parameters are
� = 10:0 and � inc; � dec = 1 :5.

3) Based on an analysis by Nishihara et al in [84] on the
of the convergence properties of ADMM, Carpentier et
al proposed aSpectral Adaptation(SA) scheme that
both initializes and adapts the penalty� based on the
spectral properties of the Delassus matrixD , i.e. the
conditioning of the problem. Denoting the largest and
smallest eigenvalues ofD respectively asL := � max(D )
and m := � min(D ), and subsequently the condition
number as� = � (D) =: L=m, the SA scheme is

� 0 =
p

L0 m0 � � 0
0 (172a)

� i = RSA(� i� 1) :=

8
><

>:

� i� 1 � �
0 ; r i

p=r i
d � �

� i� 1 � � �
0 ; r i

p=r i
d � � � 1

� i� 1 ; � � 1 < r i
p=r i

d < �
(172b)

where � 0; � > 0 are the initialization and adaptation
factors. Typical values for SA are� = 10:0; � 0 =
0:2; � = 0 :05. A �nal remark regarding the values of
L; m in the SA scheme, is that it is not actually necessary
to computem := � min(D ), since� ensures that it will
be its worst-case value. Thus we can always setm = � .
Moreover, the value ofL need not be exact, meaning that
we can employ computationally cheap estimates that can
be rendered using techniques such as the Power-Iteration
method [85]. Sec. VII-B provides more details on the
spectral propertiesL; m; � and how they are determined
by the properties of the system.
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TABLE I
Dual Solvers: De�nition of each solver considered in this evaluation.

Solver ID Scheme Projector De Saxće Termination Notes

PGS-CCP SOR (Alg. 5) CCP (Alg. 2) yes (156)(157)(158)
PGS-NCP SOR (Alg. 5) NCP (Alg. 3) no (156)(157)(158)
NBGS SOR (Alg. 5) NB (Alg. 4) + MDP no (156)(157)(158)
RAISIM SOR (Alg. 5) NB (Alg. 4) + BS no (156)(157)(158)
RAISIM-DS SOR (Alg. 5) NB (Alg. 4) + BS yes (156)(157)(158)
RAISIM-DS-ES SOR (Alg. 5) NB (Alg. 4) + BS yes (160)
ADMM-CCP ADMM (Alg. 6) Euclidean (150) no (156)(157)(158) �xed penalty

ADMM-NCP-*
FP ADMM (Alg. 6) Euclidean (150) yes (156)(157)(158) �xed penalty
LA ADMM (Alg. 6) Euclidean (150) yes (156)(157)(158) linear adapt. (171)
SA ADMM (Alg. 6) Euclidean (150) yes (156)(157)(158) spectral adapt. (172)

Algorithm 5 Projective Splitting-based Solver

Require: Nmax, ! 0, ! min, 
 , � p, � d, � cp . solver parameters
Require: D ; v f ; K; P(�); fstop(�) . problem de�nition
Require: � 0; v +0 . optional warmstart

. initialization
1: !  ! 0

2: for i = 1 to Nmax do . solver iteration

3: for j = 1 to nj do . joint iteration
4: �v f ;j  v f ;j �

P
m< j D jm � i

m �
P

m> j D jm � i� 1
m

5: � i
j;0  � D � 1

jj �v f ;j

6: � i
j  (1 � ! ) � i� 1

j + ! � i
j;0

7: end for

8: for l = 1 to nl do . limit iteration
9: �vf ;l  vf ;l �

P
m< l D lm � i

m �
P

m> j D lm � i� 1
m

10: � i
l;0  � D� 1

ll �vf ;l

11: � i
l  P R+ (� i

l;0)
12: � i

l  (1 � ! ) � i� 1
l + ! � i

l
13: end for

14: for k = 1 to nc do . contact iteration
15: �v f ;k  v f ;k �

P
m< k D km � i

m �
P

m> k D km � i� 1
m

16: si  � (D kk � i
k + �v f ;k)

17: � i
k  P (� i

k; D kk; �v f ;k; si ; � k)
18: � i

k  (1 � ! ) � i� 1
k + ! � i

k
19: end for

20: v +  D � i + v f . update solution
21: �  � i

22: if fstop(�
i ; v i ; � p; � d; � cp) = true then

23: break
24: end if
25: !  min( ! min; 
 ! ) . relaxation decay

26: end for

return � ; v +

Algorithm 6 Proximal ADMM-based Solver

Require: Nmax, � 0, � , ! , � p, � d, � cp . solver parameters
Require: D ; v f ; K; PK (�) . problem de�nition
Require: � 0; v +0 . optional warmstart

1: x0  y 0  � 0 . initialization
2: z0  v +0

3: for i = 1 to Nmax do . solver iterations

4: si  � (zi� 1) . De Saxće estimate

5: v i  v f + si � � x i� 1 � � i y i� 1 � zi� 1 . offset update
6: x i  �

�
D + ( � + � i) Ind

� � 1
v i . primal update

7: x i  (1 � ! ) y i� 1 + ! x i . over-relaxation
8: y i  P K

�
x i � 1

� i zi� 1
�

. slack update

9: zi  zi� 1 � � i
�
x i � y i

�
. dual update

10: �  y i . update solution
11: v +  zi � � (zi)

12: r i
p  k x i � y ik1 . residuals

13: r i
d  k � (x i � x i� 1) + � i (y i � y i� 1)k1

14: r i
cp  k rcp(x i ; zi)k1 . from (158)

15: if (r i
p < � p) ^ (r i

d < � d) ^ (r i
cp < � cp) then

16: break
17: end if

18: � i  R
�
� i ; r i

p ; r i
d

�
. from (171) or (172)

19: end for

return � ; v +
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VII. B ENCHMARKING FRAMEWORK

In this section we proposed a general-purpose framework
for evaluating FD solvers. Fundamentally, our approach in-
volves three core elements. Firstly, we have compiled an
extensive suite of problems involving constrained rigid multi-
body systems ranging from primitive toy problems to full-
scale complex mechanical assemblies such as robotic systems
and Audio-Animatronics® �gures. Secondly, we de�ne a
scheme to categorize dual problems based on the relative
constraint dimensionality and conditioning of each, which
enables a systematic characterization of solver performance
based on the problem dif�culty. Third, the we prescribe a set
of quantitative performance metrics based on �rst-principles
that are indicative of solver accuracy, robustness and speed.
The presented approach is greatly inspired by the past work
of Acary et al in [86], [7], and is in effect, a direct extension
of the former to cases of complex mechanical assemblies such
as robotic systems. Within the scope of this work, we utilized
it to only compare the speci�c set of algorithms described in
Sec. VI, as will be presented in Sec. VIII.

A. Benchmark Suite

The suite of simulation problems, depicted in Fig. 8, consists
of twelve constrained rigid multi-body systems, spanning a
wide range of ill-conditioned and numerically challenging
scenarios. The toy problems principally serve to establish
performance baselines of each solver on the distinct types
of ill-conditioning emerging in the more complex systems,
and thus facilitate systematic analyses of their qualitative
behaviors. The full-scale systems are used to asses how al-
gorithm performance scales with problem dimensionality and
conditioning directly in cases of immediate practical relevance.
It is thus organized into three categories of increasing system
complexity and dif�culty, namely:

1) Primitives: a set of toy problems, each exhibiting a
speci�c case of ill-conditioning to be tackled in isolation.

2) Robotics: a set of problems involving robotic systems
that are of moderate to high dif�culty. They are all
articulated systems without kinematic loops, and colli-
sions involve only geometric primitives or minimal-size
convex meshes, as is typical in robotics applications.

3) Audio-Animatronics®: a set of complex mechanical sys-
tems, each exhibiting multiple kinematic loop-closures.
While most are af�xed w.r.t the world via a unary �xed-
joints one is also free-�oating. For these systems colli-
sions are evaluated solely using the raw true mesh-based
geometry of the mechanical assembly. The geometry
is also multi-layered, as the internal mechanisms are
enclosed by exteriorshells. Thus potential collisions
include combinations between the world, shells and
internal components.

B. Characterizing Ill-conditioning

It is important to �rst de�ne what exactly ill-conditioning
is and how it arises in the context of mechanics. Generally
speaking, given a function or operator de�ned by the mapping

f : Rn ! Rm, we say that the former isill-conditioned, if
its so-calledcondition number� f 2 (0; 1 ) exhibits large
values, i.e. many orders of magnitude larger than unity. The
precise de�nition of � f depends on the nature off and the
choice of metric norm used to measure distances in the
domain and image of the mapping, but effectively, it is always
some measure of the sensitivity of the input-output mapping
y = f (x). In our case we will employ de�nitions pertaining
to convex functionsand matrices, which, are closely related
through the theory ofmonotone operators[87].

Speci�cally, if the operator is a convex functionf : Rn ! �R,
where �R := R [ f�1g , the condition number ofy = f (x) is
de�ned as� f = L=m, wherem > 0 is theconvexity parameter
and L > 0 is the Lipschitz constantof f . See [87] for more
details. Intuitively,m andL are respectively equivalent to the
smallest and largest singular values of the Hessianr 2f (x)
if f were twice continuously-differentiable. This equivalence
naturally leads to second de�nition regarding matrices: in the
case of af�ne functions of the formf (x) = A x + b, the
equivalent quantity is thematrix condition number� A :=
� max(A )=� min(A ), i.e. the ratio of its largest and smallest
singular values� max(A ) := L, � min(A ) := m of matrix
A 2 Rn� m. This also means that the Lipschitz constant
corresponds to the spectral radius ofA , i.e. L = � (A ).
Moreover, for symmetric matricesA 2 Rn� n, i.e. A = A T,
� A := � max(A )=� min(A ) where now the condition number
can be de�ned using its largest and smallest eigenvalues.

With these de�nitions in hand, let us now consider how
ill-conditioning arises within the mechanical context of rigid-
body dynamics. The two key elements at play here are
the Jacobian matrixJ and the generalized mass matrixM .
Therefore, when either of the two (or both) exhibit large
condition numbers, then the overall FD problem is said to
be ill-conditioned, and can occur in cases of:

� Hyperstaticity: this corresponds to rank-de�ciency in the
Jacobian matrixJ due to constraint coupling. It can occur
in the following ways: (a) intrinsically due to kinematic
loops occurring in the joint morphology, (b) extrinsically
due to multiple contacts acting on the same body or on
the system overall, and (c) when the system approaches a
kinematic singularity. Rank-de�ciency therefore amounts
to J exhibiting one or more zero-valued eigenvalues, i.e.
� min(A ) = 0 , resulting in� ! 1 .

� Inertial disparity: this is when the system's mass ratio
rm = mmax=mmin � 1, i.e. that of the largest and
smallest mass present in the system is signi�cantly larger
than unity. How much larger than unity is of course
relative. Practically speaking, and in terms of orders-
of-magnitude, a forward dynamics problem can be ill-
conditioned if rm � 103. Although M is necessarily
positive-de�nite, its inversion with a highrm multiplied
by the effective lever-arms ofJ can result in exceptionally
large � D , the condition number of the Delassus matrix.

Therefore, the combined effects of hyperstaticity and inertial
disparity can prove detrimental to both the rate of convergence
of dual solvers as well as the stability of the resulting con-
straint reactions. The former leads to excessive iterations being
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required to solve the problem, while the latter causes erratic
changes to the forces rendered between successive iterations
without substantial changes to the system's state.

C. Sample Categories

Given the aforedescribed de�nition of ill-conditioning, we
aim to systematically characterize and categorize time-wise
samples extracted from each problem in the suite. In this
context, asampleis de�ned as a single dual problem in the
form of the NCP (15) or CCP (18). Each sample can therefore
be solved by a set of solver instances varying in terms of
the algorithm or hyper-parameters. This aspect of our work
has been inspired by the tremendously thorough technical
reports of Acary et al on the FCLib [86] and numerical solver
comparisons in [7], as well as that of Ledic et al in their
comparisons of contact models in [38].

Employing a similar categorization as in [7], we characterize
each sample problem based on so-calledconstraint densities
dj = njd=nbd, dc = 3 nc=6nb, djlc = nd=6nb corresponding
to that of the joints, contacts and total constraint sets, re-
spectively, wherenjd :=

P nj

j=1 mj denotes the total number of
constraint dimensions of the joints. These densities express the
ratio of number of constraints to body DoFs, and whenever
they are greater than unity, express thepotential for rank-
de�ciency of J. For this reason we also measure the actual
matrix rankrJ = rank(J) of the system Jacobian. Note that
we have omitted the isolated constraint density of joint limits
as it, by de�nition, cannot exceed the joint constraint density
dj , and so does not really contribute much information on its
own. It is, however, included in the total constraint density
measurementdjlc . Thus, using these densities and marix rank,
we categorize each sample as either:

� Independent Joints:nc = 0 , nj � 1, andrJ = njd.
� Redundant Joints:nc = 0 , nj � 1, rJ < njd, anddj < 1
� Dense Joints:nc = 0 , nj � 1, rJ < njd, anddj � 1
� Single Contact:nc = 1
� Sparse Contacts:nc 2 [2; 2nb] (i.e. dc < 1)
� Dense Contacts:nc > 2nb anddc > 1
� Dense Constraints:nc � 1, nj � 1 anddjlc > 1

The �rst case of Independent Jointsis used to establish a
baseline of nominal performance for samples that can admit
a full-row rank J. Note also the special case ofSingle
Contact nc = 1 . Although seemingly trivial, for problems with
large mass ratios and/or large number of joints, the single-
contact case can inform us about the capacity of a particular
solver to correctly propagate and distribute constraint reactions
throughout the system.

D. Performance Metrics

Selecting appropriate performance metrics is crucial to
evaluating dual solvers w.r.t their physical plausibility,
accuracy, speed, and robustness, both in relative and absolute
terms. Moreover, our objective must be to state such
comparisons as fairly as possible, but also in a manner that
is representative of the actual needs of relevant applications.
Overall, our approach for evaluating dual solvers consists of

a comparative framework that combines and extends the work
of Acary et al [7] and Lidec et al [38], [32]. Speci�cally,
it involves two aspects: a) a set of sample-wise quantitative
performance metrics, and b) a schema for representing
aggregate performance using statistical measures computed
over multiple samples.

Accuracy: We will �rst de�ne metrics for physical plau-
sibility and accuracy. In this regard, comparing dual solvers
in systematic manner is a rather non-trivial task. As the
algorithms can differ signi�cantly in terms of the employed
numerical scheme and the contact model, this precludes the
use of their respective convergence criteria as comparative
measures. Therefore, we must resort to using metrics which
can generalize to all cases, e.g. a CCP or NCP-based contact
model etc. In particular, we propose to use:

1) thePenetration Residual

rpen =: k f (s) k1 ; (173)

where f : Snb ! Rnsd is the total con�guration-
level constraint function de�ned in (84). This metric
effectively indicates the worst-case con�guration-level
constraint violation occurring as a byproduct of the
computed constraint reactions.

2) theNCP Dual Residual

rdual =: krd(v + + � (v + ))k1 : (174)

This quantity is useful because it indicates if non-zero
velocities are present along directions that violate the
constraint. For joints this simply amounts to the total
constraint-space velocities, which should ideally be zero
at all times. For limits and contacts, it corresponds
to non-zero velocities along the unilateral constraint
dimension, e.g. the contact normal. A proof of this
property is provided in Appendix. A.

3) theNCP Complementarity Residual

rncp =: kr cp(� ; v + + � (v + ))k1 ; (175)

which serves as a measure of adherence to the MDP.
Essentially, non-zero values indicate a misalignment
between constraint reactions and corresponding contact
velocities along the tangential planes, i.e. the deviation
from maximal dissipativity, as well as erroneous power
distributions along contact normals.

4) theNCP Natural-Map Residual

rnat =: kFnat
NCP(� ; v + )k1 ; (176)

which indicates how near the computed contact
reaction is to a solution of the NCP. As described
in Sec. VI-D, it combines the effects of the primal,
dual and complementarity residuals into a single value,
providing a convenient short-hand for both solver
convergence and solution validity.

Speed: Next, we will de�ne a set of metrics for assessing
the speed and convergence behavior of each algorithm. These
will serve as proxies to estimating the effective computational
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Fig. 8. Benchmark Suite: a set of twelve constrained rigid multi-body systems spanning three categories. The top, middle and bottom rows respectively
depict thePrimitive, Robotics, andAudio-Animatronics® problem categories, and the system complexity is increasing from left to right. The �rst category
contains a set of toy problems that are often used to establish a baseline of behavior in speci�c cases of ill-conditioning. The second category involving
robotic systems serves to evaluate solver performance on well established problems in encountered in robotics applications. These problems do not exhibit
any inherent ill-conditioning, but the presence of joint limits and contacts, in addition to the use of meshes as the collision geometry, signi�cantly increase
the dif�culty of simulating them. The third category involves mostly �xed-bases systems with the exception of Walker which is �oating-based. All of these
problems exhibit multiple intrinsic kinematic loops with a relatively large number of bodies, and present the biggest challenge, as the systems are inherently
ill-conditioned due to the combined effects of: mesh collisions, inherent kinematic loops, passive (i.e. unactuated) joints, presence of unary joints, signi�cantly
larger problem dimensions, and large disparity in body masses.

TABLE II
Benchmark Suite: The intrinsic dimensions of each system, i.e. without active limit and contact constraints.

System Base Bodies Joints Total DoFs Passive DoFs Actuated DoFs Constraints Mass Ratio

Box-on-Plane Free 1 0 6 0 0 0 1.00
Boxes-Fixed Free 2 1 6 0 0 6 1000.00
Nunchuk Free 3 2 12 6 0 6 1.00
Fourbar (�xed) Fixed 4 5 1 0 1 26 1.00
Fourbar (free) Free 4 4 7 5 1 20 1.00
Arm7D Fixed 8 7 7 0 7 41 19.54
Quadruped Free 13 12 18 6 12 60 29.07
BDX Free 15 14 14 6 14 70 42.49
LIMA Free 21 20 26 6 20 100 321.39
Misha Fixed 22 24 23 0 23 121 90.67
Walker Free 31 36 42 18 24 180 99.55
Gazelle Fixed 38 45 60 38 22 214 1012.54
IronMan Fixed 54 67 100 80 20 304 25544.44
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